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Abstract
Asymmetric composite laminates can have a bistable response to loading. The poten-
tially large structural deformations which can be achieved during snap-through from
one stable state to another with small and removable energy input make them of in-
terest for a wide range of engineering applications. After 30 years of research effort
the shapes and response to applied loads of laminates of general layup can be quanti-
tatively predicted. With attention switching to the incorporation of bistable laminates
for practical applications, tools for the design and optimisation of actuated bistable
devices are desirable.
This thesis describes the analytical and experimental studies undertaken to develop
novel modelling and optimisation techniques for the design of actuated asymmetric
bistable laminates. These structures are investigated for practical application to mor-
phing structures and the developing technology of piezoelectric energy harvesting.
Existing analytical models are limited by the need for a numerical solver to deter-
mine stable laminate shapes. As the problem has multiple equilibria, convergence to
the desired solution cannot be guaranteed and multiple initial guesses are required to
identify all possible solutions. The approach developed in this work allows the efficient
and reliable prediction of the stable shapes of laminates with off-axis ply orientations
in a closed form manner. This model is validated against experimental data and finite
element predictions, with an extensive sensitivity study presented to demonstrate the
effect of uncertainty and imperfections in the laminate composition.
This closed-form solution enables detailed optimisation studies to tailor the design
of bistable devices for a range of applications. The first study considers tailoring of the
directional stiffness properties of bistable laminates to provide resistance to externally
applied loads while allowing low energy actuation. The optimisation formulation is
constrained to guarantee bistability and to ensure a useful level of deformation. It is
demonstrated that ‘cross-symmetric’ layups can provide stiffness in an arbitrary load-
ing direction which is five times greater than in a chosen actuation direction.
i
The optimisation formulation is extended to include a method of actuation, with a
series of experimental and modelling studies presented to assess mechanical and smart
actuators. Orthogonal piezoelectric macro-fibre composite actuators are identified as
the most suitable method for both modelling and experimental actuation. The analyt-
ical model is extended to include piezoelectric loading in such a way as to maintain the
reliable prediction of all loaded laminate shapes. Using this formulation piezo-laminate
structures are identified which provide resistance to operating loads while still maintain-
ing a useful structural deformation which is achievable within recommended operating
voltage limits. A secondary study demonstrates that required actuation voltages can
be reduced by up to 33% through the simultaneous use of the positive and negative
voltage range of two oppositely oriented piezoelectric layers.
Finally, the modelling and optimisation methods are applied to study piezoelectric
composite laminates for electrical energy harvesting from ambient mechanical vibra-
tions. The novel formulation aims to maximise the electrical energy output in an
arrangement of piezoelectric layers excited by the alternating stress due to repeated
mechanical actuation. Due to the complex mechanical-electrical coupling and the highly
nonlinear behaviour, existing studies are limited to experimental demonstration with
scope for improving designs for broadband harvesting identified. Enabled by the mod-
elling formulation developed in this work, optimisation of the piezo-laminate structure
demonstrates improved electrical energy generation. Through variation in laminate ge-
ometry, arbitrary stacking sequences and piezoelectric configurations, optimum designs
are presented which differ from those considered experimentally, identifying wide scope
for improvement of this developing technology.
ii
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In recent years there has been increasing interest in morphing structures which are
capable of significant shape change, with the development of smart materials reinvig-
orating the field in the past decade. A structure which has the ability to change its
configuration or adapt to specific design requirements has obvious appeal, notably in
the aerospace industry. An example of this is the trailing edge of a commercial air-
craft. Currently, discrete sections move relative to one another to achieve changes in
aerodynamic performance. These surfaces are designed to operate optimally at design
conditions with a significant drop in performance as conditions change. In order to
expand the operational range a morphing structure may be deployed to dynamically
adapt to current flight conditions. This may be through fine shape control, or through
exploiting bistability to achieve large-scale deformation.
A bistable structure is one that has two stable configurations when unloaded. Once such
a structure exists in one of these configurations it remains there until enough energy is
applied for it to climb out of an energy well and ‘snap’ into the second configuration.
As an example, a typical load-displacement diagram for a bistable structure is shown
in Fig. 1.1 where points C and G correspond to two stable configurations. A load-cycle
may begin with the structure in its original configuration, point C. When positive load
is applied the structure will approach the critical point at D where the snap occurs.
The structure then follows the path C-D-H-I, bypassing the unstable path D-E-F-G-H.
Upon removal of all load the structure will settle into its second stable configuration,
point G. Significantly, the potentially large structural deformation between points C
and G can be achieved through relatively small and removable energy input.
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Figure 1.1: Example load-displacement behaviour for a bistable structure.
There exist a number of material and structural configurations exhibiting bistability in
which continuous energy input is not required to maintain the structural deformation.
One such structure is composite laminates of asymmetric layup. It is well known
that laminates with an asymmetric layup may exhibit twisted or deformed shapes [54],
and under certain geometric conditions two stable configurations. This warping is
due to the anisotropic response to the elevated temperatures experienced during the
manufacturing process resulting in thermal residual stresses. For many years these
deformed shapes were regarded as undesirable and often countered by the addition of
extra plies to make the laminate symmetric, or to reduce the global effect of the thermal
stresses. More recently these properties have been exploited, making use of the large
deflections between the different configurations. Figure 1.2 shows a range of samples
of asymmetric laminates demonstrating deformed room-temperature shapes.
Figure 1.2: Curved shapes of asymmetric laminates, from [54].
2
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The bistable behaviour exhibited by some asymmetric laminates clearly offers a great
potential for morphing applications. An example demonstrating how this behaviour
can be exploited is illustrated in Fig. 1.3. Figure 1.3a shows a possible wing trailing
edge arrangement with both an adaptive local spoiler bump and variable trailing edge
flap requiring no cumbersome internal mechanism. The behaviour of this variable flap
can be mimicked by the structural changes of a bistable laminate cantilever controlled
by a small piezoelectric patch shown in Fig. 1.3b. Initially in a raised position, the can-
tilever can be finely controlled by applying an electric field to the piezoelectric patch,
inducing small downward displacements. At a critical point the structure ‘snaps’ to a
second stable configuration of significantly greater deflection, much like the change in
flap angle required in changing flight conditions. Similarly, the adaptive spoiler bump
could utilise a bistable laminate with small energy input to induce the necessary aero-
dynamic change.
Figure 1.3: a) An adaptive trailing edge system proposed by Bein [7] and b) a bistable
laminate mimicking the trailing edge deflection.
To date there have been numerous attempts to analytically model the stable shapes of
asymmetric laminates [16, 22, 24, 60, 75]. However, the complexity of the modelling
increases greatly when considering laminates of general layup and numerical solution
procedures are typically required. Furthermore, the success of these methods is de-
pendent on some prior knowledge of the shapes to provide multiple reasonable initial
guesses to identify all possible solutions. Convergence to the desired solution therefore
cannot be guaranteed. Limited closed-form approaches have been presented [53, 95]
but these require simplifications which severely limit the potential design space. Finite
element approaches [39, 89, 90] have also been considered but typically require imper-
fections to be introduced to ‘force’ the capture of both stable shapes. These techniques
are considered to be useful analysis tools but poorly suited as design tools.
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The nature of a multimodal problem where the number of solutions is dependent on the
laminate design presents difficulties. Combined with the lack of an efficient and robust
method of capturing the multiple stable shapes, optimisation of the design of bistable
laminates is particularly limited. The full potential of bistable laminate structures has
therefore not been exploited in existing research.
Clearly, with the ability to exploit the directional stiffness properties of composite
materials, and tailoring of the structural shape, there is a scope for improving the use-
ful application of bistable laminates for morphing, and other applications. The work
presented in this thesis represents the research effort towards the development of op-
timisation of bistable laminates through novel modelling and optimisation methods.
This work highlights interesting solutions to existing practical problems which have




The aim of this work is to develop optimisation techniques for the design of bistable
asymmetric laminates. The underlying modelling for curved laminate shapes must be
flexible enough to allow off-axis curvatures and non-uniform geometries to fully exploit
the directional stiffness properties of composite materials. The stable shapes of such
laminates must be predicted without the need for any prior knowledge of the solutions
with all shapes captured in a reliable manner so as to enable iteration based optimisa-
tion. Beyond this static modelling, a method of actuating the laminates to achieve large
structural deformation is to be identified and incorporated. Experimental validation
of the modelling is to be conducted with recommendations made about any observed
limitations or sensitivities.
The validated model is to form the basis of an optimisation formulation, limited in
existing literature by the lack of an explicit solution to modelling. This optimisation
formulation is to be applied to a number of practical design problems to be identi-
fied in existing literature relating to morphing structures and other actuated laminate
applications. Given the inherently discontinuous nature of the design space when con-
sidering structures with multiple stable states, the problem formulation must include
understanding of when bistability is present. To the author’s knowledge no method
of ensuring bistability for fully general cases is presented in existing literature. It is
intended that this formulation will identify novel solutions to well documented design
problems which may not be obvious in existing work.
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2.1 Objectives
In order to fulfil the scope of this work the following objectives are to be met.
1. To identify the ‘state of the art’ model for the shapes of bistable laminates of
general layup, appropriate for optimisation studies.
2. To assess the accuracy and sensitivity of the chosen modelling technique through
experimental and analytical studies.
3. To develop an optimisation technique suitable for the design of bistable asym-
metric laminates. This is to include overcoming the issues associated with having
multiple solutions within the problem formulation.
4. To identify problems in existing literature suitable to test the optimisation meth-
ods.
5. To identify the most suitable method for actuation of bistable laminates from
both a practical and modelling viewpoint. The validity of a number of possible
methods are to be assessed experimentally.
6. To extend the modelling techniques and optimisation formulation to include the
chosen method of actuation.
7. To apply the extended formulation to one or more practical applications and
identify novel solutions to existing problems.
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2.2 Thesis Overview
This section summarises the technical content of each chapter and details the structure
of this work to aid the reader in finding information of specific interest. The work
presented in Chapters 4 - 10 forms the research effort aimed at developing optimisation
methods for the design of bistable composite laminates. Each chapter addresses a key
objective for the incremental development of this design tool. Roman numerals denote
journal publications or conference presentations in which the relevant work has been
published, a list of which can be found in Section 2.3.
Chapter 3 - Literature Review
Chapter 3 gives motivation for the work and highlights the selection of research objec-
tives based on a literature survey of bistable morphing research. The review is split
into three main areas; bistability of composite structures including composite plate
and bistable shell theories; actuation of bistable laminates including both mechanical
and smart actuation methods; and optimisation of the design of bistable laminates.
This chapter provides much of the necessary background information to allow specific
discussion in the subsequent chapters.
Chapter 4 - Modelling of Bistable Laminate Shapes
Chapter 4 contains a detailed description of the derivation of a new modelling formula-
tion for prediction of the shapes of bistable laminates of arbitrary layup. The existing
‘state of the art’ analytical model is outlined with its applicability to design optimisa-
tion critically assessed. A new closed-form solution to this modelling is developed for
a laminate geometry which reduces the size of the problem using knowledge of design
space, [ii] and [x]. Finally, a brief discussion of how this modelling technique can be
extended for a fully general design case is discussed.
Chapter 5 - Experimental Shape Characterisation
Chapter 5 outlines an experimental study and modelling sensitivity analysis to in-
vestigate the validity of the model presented in the previous chapter for predicting
asymmetric laminate shapes. The first half of the chapter outlines the methodology
and results of an experimental study to capture the stable shapes of a family of lami-
nates using a 3D motion analysis technique. The results are compared with modelling
predictions and potential sources of observed discrepancies are discussed, [vii] and [xiii].
The second half of the chapter presents a sensitivity study highlighting the dependence
of the modelling accuracy on the material and geometric properties.
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Chapter 6 - Optimisation of Bistable Laminates
Chapter 6 presents a preliminary optimisation study for bistable laminate design, [ii]
and [x], enabled by the closed-form modelling solution outlined in Chapter 4. The op-
timisation formulation maximises the bending stiffness in a direction of known loading
condition whilst the bending stiffness in the direction of actuation is minimised. A
deflection requirement is applied as a constraint. The feasibility of designing a bistable
composite needing a low actuation energy while still providing a reasonable stiffness to
resist operating loads is demonstrated.
Chapter 7 - Analysis of Actuation Methods
Based on the findings of Chapter 6 various actuation methods are described and anal-
ysed in Chapter 7 with a view to incorporating actuation within the optimisation
formulation. Firstly, an extension to the existing modelling to include an externally
applied mechanical force is presented. Secondly, a piezoelectric macro-fibre composite
(MFC) actuator is added to the model with an experimental study to assess the validity
of this extension [iv]. Thirdly, an experimental study using shape memory alloy (SMA)
wires is presented [xiv]. Finally, reversible actuation using combinations of MFCs and
SMA is considered, [viii]. It is concluded that the reversible actuation using two MFCs
of orthogonal alignment is the most appropriate method.
Chapter 8 - Optimisation of Actuated Bistable Laminates
Chapter 8 presents an optimisation study for the design of bistable laminates for re-
versible actuation, [iii] and [xi], enabled by two orthogonal piezoelectric layers. The
formulation optimises the load carrying capability of the structure subject to deflection
and actuation limits through variation in ply orientations and laminate geometry. A
secondary study demonstrates that reduction in total actuation voltage can be achieved
through the simultaneous use of the positive and negative working ranges of the two
piezoelectric layers.
Chapter 9 - Optimisation for Piezoelectric Energy Harvesting
In Chapter 9 many of the methods developed in this work are combined in a study of
a bistable piezoelectric energy harvester to convert mechanical motion into electrical
energy by exploiting ambient vibrations. The aim is to utilise the novel techniques
developed to investigate optimisation of an existing technology. Due to the complex
nature of existing modelling techniques optimisation of the design of such structures
is limited in published literature. Here an existing experimental study is considered as
an example problem, with optimum solutions investigated for changing aspect ratio,
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thickness, stacking sequence, and piezoelectric patch size, [i], [v] and [ix]. Increased
electrical output is demonstrated for geometries and piezoelectric configurations which
are not intuitively obvious and which have not been investigated by other authors.
Chapter 10 - Conclusions
Finally, Chapter 10 summarises the main conclusions of this work and highlights the
novel findings which are of interest in the field of morphing laminate structures. Specif-
ically the success of the presented work with reference to the key objectives outlined in
Section 2.1 is discussed. This section also includes discussion on a number of potential
paths for future work.
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This chapter presents a comprehensive review of published work relevant to the devel-
opment of optimisation techniques for bistable laminates. The aim of the literature
review is to give motivation for the work presented in this thesis by demonstrating the
current state of the field, highlighting where new work fits into the existing research
and identifying areas of novelty. The review is split into three main areas:
Section 3.1 - Bistability of Asymmetric Composite Structures
A review of existing analytical studies for the shapes of unloaded bistable compos-
ite structures is presented. This section is further split into composite plate theories,
bistable shell theories and a brief discussion on modelling of edge effects. This section
is intended to provide a background to the development of modelling techniques, iden-
tifying the most appropriate method for optimisation studies.
Section 3.2 - Modelling of Bistable Laminate Actuation
In order to induce the structural deformation discussed in Section 3.1 some method
of actuating bistable laminates must be included. A review of attempts to include an
actuation method using both mechanical and smart actuators is presented. This review
of analytical and experimental studies is intended to identify issues associated with the
modelling and practical application of various actuation methods.
Section 3.3 - Optimisation of Bistable Laminate Design
Finally, existing optimisation studies for the design of bistable laminate structures are
discussed. As becomes evident in Sections 3.1 and 3.2, this area is extremely limited
and represents the main area of novelty of the work presented in this thesis.
12
3 - Literature Review
3.1 Bistability of Asymmetric Composite Structures
When a composite laminate has an asymmetric stacking sequence the resulting mis-
match in thermal properties through-thickness results in thermally induced strain. This
leads to a curved deformation. Under certain geometric conditions the thermal warping
can lead to two stable states, resulting in a large deflection which does not require con-
tinuous energy input to be maintained. Figure 3.1 shows this behaviour for an example
square [0/90]T laminate. For a low ratio of edge length to thickness only a single stable
state is observed, point A, with x- and y-curvatures of equal magnitude in opposite
out-of-plane directions. As the ratio increases the solution bifurcates, point B. Beyond
this point two approximately cylindrical stable states are observed, points C and D,
while the saddle state becomes unstable (dashed line).
Figure 3.1: Stable (solid) and unstable (dashed) shapes of a [0/90]T laminate.
Over the past 30 years extensive studies have been conducted on modelling of two
particular bistable structures; asymmetric laminated rectangular plates, and bistable
cylindrical shells. In this section a comprehensive review of the existing literature in
these areas is presented.
3.1.1 Asymmetric Composite Laminate Theories
In general the response of composite laminates to loading can be analysed using linear
calculations based on classical laminated plate theory (CLT) [3]. This theory is based
on a number of assumptions:
13
3 - Literature Review
1. Displacements are continuous throughout the laminate.
2. Kirchhoff hypothesis is valid.
3. Strain-displacement relationships are linear.
4. The material is linearly elastic.
5. Through-thickness stresses are small in comparison to in-plane stresses.
This theory smears the properties of the individual lamina to give overall laminate
properties defined by the in-plane (A), coupling (B) and flexural (D) stiffness matri-
ces. While CLT is capable of accurately predicting static deflections, natural vibration
frequencies and mode shapes, buckling loads and mode shapes, and thermal expansion
properties, there are cases where the theory fails to capture the correct behaviour. Two
notable situations are the response of thicker laminates as studied by [105] and [106],
and the local behaviour near laminate edges, discussed later in this chapter.
A third situation in which CLT fails to predict the physical reality was observed by
Hyer [54]. CLT predicts all asymmetric laminates to have a single stable state of an-
ticlastic or ‘saddle’ curvature. Hyer [54] documented the room-temperature shapes of
a number of thin asymmetric laminates and found that some exhibit approximately
cylindrical shape. Furthermore, in some cases two stable states of opposing cylindrical
curvature were observed. This contrast to the predictions of CLT was observed for a
four-ply [02/902]T laminate. However, when the thickness of the laminate was doubled
to [04/904]T, the observed shapes conformed to the theoretical predictions.
The first attempt to model this behaviour of thin asymmetric laminates was presented
by Hyer [53]. It was assumed that nonlinearity would be required in order to capture
the two room-temperature shapes. Given that the out-of-plane displacements observed
in [54] were many laminate thicknesses in magniutude, geometric nonlinearity was
considered. Therefore, nonlinear terms were added to the typical strain-displacement





































xy are the midplane strains, u
0 and v0 are the in-plane displacments in
the x- and y-directions respectively and w is the out-of-plane displacement. This theory
was used to predict the shapes of cross-ply laminates of the [0n/90n]T family through
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a Rayleigh-Ritz minimisation of total strain energy. A quadratic approximation to the




(ax2 + by2) (3.2)
allowing both the saddle shape, a = −b, and cylindrcal shapes, a ≈ 0, b 6= 0 and
a 6= 0, b ≈ 0, to be captured. It was further assumed that midplane shear strain 0xy,
is negligible and therefore neglected. For this simple model, requiring just four coeffi-
cients to approximate the laminate shape, an analytical solution was derived to define
the minimum energy stable shapes. The model was found to capture the bifurcation
behaviour associated with the disappearance of a saddle shape to be replaced by two
cylindrical shapes with varying geometry. However, with very limited experimental
data the quantitative accuracy of the model was not assessed.
This same model was used by Hamamoto and Hyer [45] to investigate the change
in laminate curvature with change in temperature. Results predicted that laminates
which exhibit multiple stable states at room temperature will revert back to a single
saddle shape as the ambient temperature increases, tending towards a flat laminate at
the cure temperature. Full experimental comparison confirmed this behaviour but with
large discrepancies in the observed curvatures. It was assumed that imperfections were
responsible for much of the error, with modelling of imperfect ply thicknesses used to
demonstrate the sensitivity of the model.
The cross-ply theory was later developed by Hyer [55] to consider all possible combina-
tions of asymmetric, four-ply stacking sequence consisting of 0◦ and 90◦ orientations:
[0/0/0/90]T, [0/0/90/0]T, [0/90/0/90]T, and [0/0/90/90]T. In order to model this ex-
tended problem two additional shape coefficients were introduced to the formulation
of [53] to capture the in-plane displacements more accurately. This resulted in minimi-
sation of the total strain energy with respect to six coefficients. With this increased
complexity a Rayleigh-Ritz minimisation of the total strain energy was solved using a
Newton-Raphson style numerical technique as no analytical solution could be derived.
Unlike in [53] two different forms of bifurcation behaviour were observed. Firstly, the
ideal bifurcation behaviour of [0/90/0/90]T and [0/0/90/90]T where a bifurcation point
is seen, Fig. 3.2a. Secondly, a disjoint solution for the [0/0/0/90]T and [0/0/90/0]T
laminates, with a limit point observed, Fig. 3.2b. No experimental results were pre-
sented to validate the theoretical predictions.
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Figure 3.2: Room temperature shapes of sqaure a) [0/90/0/90]T and b) [0/0/0/90]T
laminates, adapted from [55].
Jun and Hong [58] built on the work of Hyer [55] by considering more general cases of
laminate geometry but presented no extensions to existing modelling theory. The study
focussed on the general trends of the bifurcation point of laminates with [0n/90n]T and
[0/90]nT layup of varying size, aspect ratio and number of plies. They demonstrated
that the edge length to thickness ratio defining the bifurcation point decreases with an
increase in aspect ratio, but that it is not sensitive to number of plies.
All models outlined to this point maintain Hyer’s [53] assumption that thermal residual
shear strain is negligible and can be neglected. Jun and Hong [59] noted that residual
shear strains generally do exist in asymmetric laminates and extended Hyer’s general
cross-ply model [55] to include such terms. Numerical results were presented to demon-
strate the effect of these additonal terms when compared with the zero shear results
previously published [58]. Figure 3.3 shows a comparison of the bifurcation behaviour
using the two different approaches for a [02/902]T laminate. It was found that for a low
edge to thickness ratio (≤30) and for a high edge to thickness ratio (≥130) the results
validated the theory that the shear strain effect is negligible. However, close to the
bifurcation point the difference in predicted curvature is significant, and the inclusion
of shear strain for asymmetric laminates is recommended.
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Figure 3.3: The effect of residual thermal shear strain on the curvatures of a square
[02/902]T laminate, from [59].
Ren et al. [86] extended the existing cross-ply work to consider a different problem.
Knowing that a laminate which is cured flat may result in cylindrical curvature at room-
temperature, it was considered whether an asymmetric laminate may be manufactured
to be flat at room-temperature by introducing some level of curvature during the curing



































where R is the radius of the mold on which the laminate is cured. This additional term
results in more complex strain and displacement expressions. Results demonstrated
that, although the laminates could not be made flat, the magnitude of curvature could
be reduced. Furthermore, for small values of R the bistable behaviour of the laminates
studied in [55] could be suppressed. For large values of R the results tended towards
those presented in [55] for the flat curing process. While only limited experimental
comparison with the analytical model was presented, some additional finite element
predictions were included showing good agreement.
Dang and Tang [22] presented a reformulation of Hyer’s cross-ply model [55] to pre-
dict the shapes of asymmetric laminates with stacking sequences not limited to 0◦ and
90◦. They made the observation that in a certain coordinate system an asymmetric
laminate will have two perpendicular principal curvatures. Using this as a starting
point they restated the model in terms of the principal curvature coordinate system,
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with a transformation used to obtain the shapes in the structural coordinate system.
Experimental comparisons showed reasonable agreement. However, the displacement
functions were not correctly defined and the system could only be solved for the sum
of two of the displacment coefficients, rather than considering each independently.
Jun and Hong [60] modified Dang and Tang’s [22] approach by adding additional
terms to the displacement functions. The resulting generalised expressions were more
complex, requiring several combinations of variables to be redefined to obtain simpler
expressions. In this form it is difficult to visualise or give meaning to the set of shape
coefficients. This method, like that of Dang and Tang [22], makes it particularly diffi-
cult to provide a good approximate ‘guess’ for the laminate shape, required for iterative
solution of the minimum energy system. However, good agreement was demonstrated
between experimental results and theoretical predictions for the angle of principal cur-
vature. No results were presented to validate the magnitude of curvature.
Peeters et al. [74] developed a theory for arbitrary layup laminates with square edge
length based on the work by Jun and Hong [60]. The displacement functions were
approximated using a more complete third order polynomial. The complexity of the
modelling was reduced by assuming that the angle of principal curvature is at 45◦
to the laminate edge length for all laminates as predicted by CLT. Furthermore, the
elongation strains in the principal curvature coordinate system were assumed to be
independent of orientation, treating the laminate as if it was square in the principal
curvature coordinate system. This model is therefore restrictive in the set of laminates
which can be analysed. For the very limited experimental comparison presented, with a
number of uncertainties in manufacturing stated, the accuracy of the model was shown
to be reasonable.
Theories developed to this point for the shapes of arbitrary layup laminates used the
same method of approximating the displacements with varying polynomial forms. Dano
and Hyer [24] noted that this approach leads to expressions for the strains which are
unnecessarily complex. For the prediciton of the unloaded deformation behaviour the
displacement functions are only used to obtain expressions for strains required in com-
putation of the total laminate strain energy. Thus, rather than approximating the
displacements, direct approximations for strains were presented. Initially, complete
third order polynomials were used to approximate the midplane strains.
0x = c00 + c10x+ c01y + c20x






0y = d00 + d10x+ d01y + d20x







This method resulted in 28 coefficients to be determined to define the laminate shapes.
Using a Rayleigh-Ritz minimisation of the total strain energy it was noted that the
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resulting 28 equilibrium equations could be reorganised to a set of three nonlinear
equations to be solved numerically,
fa(a, b, c,∆T ) = 0 fb(a, b, c,∆T ) = 0 fc(a, b, c,∆T ) = 0 (3.5)
where a, b and c define the out-of-plane displacements and ∆T is the temperature
change from cure. Results obtained for all laminates studied showed that a number of
the coefficients always appeared to be zero. It was concluded that only the terms with
powers of x and y that sum to an odd number needed to be included. Therefore the
model was reduced to 14 unknown coefficients by introducing the following simplified
strain expressions.
0x = c00 + c20x
2 + c11xy + c02y
2
0y = d00 + d20x
2 + d11xy + d02y
2
(3.6)
Results were presented comparing this 14 coefficient model with those of Jun and Hong
[60] and with finite element analysis (FEA) results. It was found that the method out-
lined by Dano and Hyer [24] showed greater agreement with FEA, particularly around
the bifurcation point. Small discrepancies in displacement at the laminate corners were
noted, attributed to the simple quadratic approximation of the out-of-plane displace-
ment not capturing free edge behaviour. Further analysis of the direction of prinicipal
curvature was presented to compare with the assumption made by Peeters et al. [74]
that the angle of prinicipal curvature could be fixed to 45◦ relative to the laminate edge
for all laminates. This assumption was shown to be incorrect.
While the model presented by Dano and Hyer [24] is widely considered to be the
‘state of the art’ analytical model, a number of interesting studies have been performed
using variations of the models described in this section. Gigliotti et al. [40] investigated
the location of the bifurcation point to develop a method for predicting the presence
of bistability. The study was limited to [0/90]T laminates using Hyer’s original model
[53], but some interesting observations were made. The problem is non-dimensionalised











where L is the square edge length, t is the single ply thickness, a∗ and b∗ are the
non-dimensional curvatures, L∗ is non-dimensional length and α is the difference be-
tween the longitudinal and transverse coefficients of thermal expansion. This non-
dimensionalised form allows two conditions relating to the bifurcation point to be
identified. Firstly, the range of non-dimensional lengths for which unique solutions
are found increases as the ratio of 0◦ and 90◦ ply thickness (t0/t90) decreases by the
following relationship,
(L∗tr) · (t0/t90)3 = constant (3.8)
19
3 - Literature Review
where L∗tr is the non-dimensional length at the bifurcation point. Secondly, the aspect




allowing transition from saddle to cylindrical shapes to be established from known ref-
erence values. These relationships are very useful in defining the range of bistaility. It
is anticipated that similar rules applying to fully general laminates may allow a wider
design space to be constrained such that bistability is ensured.
Limited extensions to modelling to include certain environmental factors have also
been presented. Cho and Roh [17] considered a known manufacturing issue related to
the interaction between the tool plate and the laminate, referred to as the slippage
effect. An extension to Hamamoto and Hyer’s model [45] was presented to modify the
displacement field giving a monotonically varying transverse shear stress profile. The
effect was found to vary the location of the bifurcation point due to the reduced overall
curvature induced by the shear stress. However, the greatly increased complexity of
the model results in very small variations.
Finally, it is important to note that while environmental factors such as moisture
absorption are often noted, examples of modelling including such effects are sparse
[34, 76]. One notable study by Portela et al. [76] considered the combined effects of
thermal and moisture expansion on bistable laminate shapes. Moisture absorption cre-
ates a stress field which can be conveniently treated in much the same way as thermal
stresses. Portela et al. [76] considered the following form of combined coefficients α∗ij





∆T = α∗ij∆T (3.10)
where αij ’s are the thermal expansion coefficients, λij ’s are the moiture expansion
coefficients, ∆M is the percent weight gained through moisture absorption and ∆T is
temperature change. These coefficients were added to an FEA model to predict the
moisture absorption influence on the shape and the snap-through behaviour of bistable
laminates. It was demonstrated that the moisture absorption effect acts to relax the
thermal stresses and thus reduce the laminate curvatures.
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Edge effects
Earlier observations by Hyer [55] and Potter et al. [77] have highlighted areas of locally
reversed curvature along the free edges of bistable laminates, and in particular at the
free corners. This phenomena is not captured by the CLT based analytical models.
Furthermore, these deviations from the approximately constant curvature are too great
to be explained by the well known anticlastic curvature caused by the Poisson’s ratio
effects. Figure 3.4 shows a [-30/60]T laminate which exhibits this phenomena, along
with an FEA prediction of the shape deviation presented by Giddings et al. [39].
Figure 3.4: a) [-30/60]T laminate exhibiting free corner deflection, and b) FEA predic-
tion of reversed curvature, adapted from [39].
This phenomena, classically referred to as the free-edge effect, occurs due to the condi-
tions for equilibrium along the boundaries. A clear description of the stress mechanism
is provided by Mittelstedt and Becker [68] and summarised here. The classically con-
sidered case is that of a symmetric four-ply laminate under uniaxial extension, 11.
The stresses within the system are then the intralaminar stresses σ11, σ22 and σ12, as
predcited by CLT, and the interlaminar stresses σ13, σ23 and σ33 which are not con-
sidered by CLT. Figure 3.5 shows an example [0/90/90/0]T laminate which is assumed
to be sufficiently long in the x1 direction that the strains, stresses, and the transverse
displacements become independent of the x1 axis.
Figure 3.5: The free-edge effect in a [0/90/90/0]T laminate under uniaxial extension,
from [68].
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When a constant strain is applied in the x1 direction the outer 0
◦ plies will want to
strain more than the inner 90◦ plies due to the differing contraction behaviour of the
two layers. Hence according to CLT intralaminar normal stress σ22 must arise for
equilibrium. The absolute values of σ22 will be identical in the 0
◦ (tensile) and 90◦
(compressive) plies, ensuring zero resultant. Furthermore, σ22 must be zero at the free-
edges of the laminate to conserve equilibrium in the horizontal direction. Therforefore
interlaminar shear stresses σ23 must arise, which in turn leads to the presence of σ33, or
peeling stress, to maintain equilibrium of moments. In order to maintain equilibrium
of forces in the x3 direction, σ33 must switch sign at least once along the x2 direction.
Figure 3.6 shows typical stress distributions near the free-edge for this example where
zero is considered the free-edge and d is the total laminate thickness.
Figure 3.6: Stress distribution near the free-edge in a [0/90/90/0]T laminate under
uniaxial extension, adapted from [68].
Figure 3.6 shows that large concentrations of stress are common at the free-edge, con-
sidered as the predominant reason for the onset and propagation of delaminations in
this type of laminate. This becomes more prominent at the free corners of such lami-
nates where the condition may be considered as a superposition of two adjacent edge
effects. In asymmetric laminates the mismatch in thermal properties between plies in-
duces this same mechanism and explains the localised deformations observed in Fig. 3.4.
Attempts to model this inherently localised three-dimensional field, which is natu-
rally not predictable by CLT, are numerous and may be considered a research field in
their own right. This work is therefore not detailed here but is well reviewed by Kant
and Swaminathan [61], Mittelstedt and Becker [68] and Nosier and Maleki [71].
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3.1.2 Bistability of Cylindrical Shells
In this section a family of thin shell structures having bistable characteristics is dis-
cussed. These structures behave much like a standard, steel tape measure in that they
have a strain-free stable configuration which is straight in the longitudinal direction
with a curved cross-section. By specifying certain relative stiffnesses, for example using
composite materials, the structures can exhibit a second stable configuration which is
highly strained but energy minimising. By providing enough external energy to climb
over the ‘energy threshold’ between the two solutions it is possible to actuate the shell
structure. An example of these configurations is shown in Fig. 3.7, taken from [43].
Figure 3.7: Bistable cylindrical shell with extended and coiled configurations [43].
Iqbal and Pellegrino [56] and Iqbal [57] presented a simple extensional model to capture
this behaviour, able to describe both the straight and coiled configurations of a shell
made of composite materials. The model considers a uniform longitudinal curvature κx
and transverse curvature κy, with zero twisting, i.e. κxy = 0 everywhere. Additionally
the stretching-bending coupling of the structure is omitted, i.e. it is assumed B = 0.
Stable shapes are then found by minimising the total energy of the shell, considered to







































where β is the angle subtending the cross-section arc and R is the radius of the cross-
section. As an exmaple, this model is used to describe the anti-symmetric 45◦ layup
defined in Table 3.1. The associated energy contour plot is shown in Fig. 3.8. The
two energy minima corresponding to the cylindrical configurations are marked with
crosses along with an additional unstable saddle point. While the general behaviour is
captured the authors [56] note that the model does not correlate well with FEA results,
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citing the assumption that the deformations are assumed to be uniform as the main
source of error.
Table 3.1: A, B and D matrices for anti-symmetric and symmetric 45◦ layups.
Antisymmetric 45◦ layup,
[45/-45/0/45/-45]T
13.32 6.06 0 0 0 0.550
6.06 8.05 0 0 0 0.550
0 0 6.23 0.550 0.550 0
0 0 0.550 0.868 0.665 0
0 0 0.550 0.665 0.848 0




13.32 6.06 0 0 0 0
6.06 8.05 0 0 0 0
0 0 6.23 0 0 0
0 0 0 0.868 0.665 0.345
0 0 0 0.665 0.848 0.345
0 0 0 0.345 0.345 0.681

Figure 3.8: Energy contour plot for an anti-symmetric 45◦ layup (minima marked by
crosses), from [56].
It is also noted that to avoid twisting as stated above, bending-twisting coupling has to
be decoupled in this model, i.e. D16 and D26 are both zero. This means that Eq. 3.11
describes the energy of an anti-symmetric laminate. This assumption is extremely
restrictive for composite laminates and cannot be justified for more general stacking
sequences. For example, if this model were used to describe a symmetric 45◦ laminate
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as defined in Table 3.1, exactly the same plot as for the anti-symmetric 45◦ layup would
be obtained, with twisted configurations excluded.
Murphey and Pellegrino [69] extended this modelling to include the effects of pre-
stressing the layers in a study of neutrally stable tape-springs. This simplistic model
was compared to experimental data for cross-ply laminates with limited success. While
the two stable states were predicted the magnitude of curvature was overestimated by
26%. Given the difficulties associated with manufacture and the sensitive nature of the
process, these errors are unsurprising and a more indepth assessment of the problem is
required.
A different approach to prestress is taken by Kebadze et al. [62]. An appropriate distri-
bution of residual stresses to induce bistability is generated through a specified forming
process for beryllium copper cylindrical shells, equivalent to the thermal stresses as-
sociated with composite laminated plates. Experimental comparison with predictions
shows good agreemet with errors of around 10%. Away from bistable composites, this
approach could form an interesting future study.
Galletly and Guest [35] extended the model of Iqbal and Pellegrino [56] to include
twist, and thus allow a distinction to be made between symmetric and anti-symmetric
layups. The assumption of uniform curvature was maintained with the structure mod-
elled as an exact cylindrical section. However, non-zero twist κxy was allowed with a
variable radius of curvature. This radius of curvature was later removed in a subsequent
paper, discussed below [36], with the structure considered as a beam here and a shell in
the later work. The results presented show that the model is able to capture the unsta-
ble nature of the coiled configuration for unstressed, isotropic shells. Additionally, the
dependence of bistability of symmetric layups on the initial twisting is demonstrated.
Results compare favourably with FEA results but show larger discrepancies when com-
pared with experimental results. The authors attribute this disparity to phenomena
not modelled by either the analytical or FEA models, such as the viscoelastic behaviour
of the matrix material. Finally, it is noted that this model is relatively complex when
compared wih Iqbal and Pellegrino [56], primarily due to the introduction of an addi-
tional variable to define the twist.
Later work by Galletly and Guest [36] removed the constraint on the circular arc
of curvature defining the transverse shape. Instead a differential equation was intro-
duced to describe the transverse shape. However, the model maintains the assumption
that the shell is longitudinally uniform and therefore makes no attempt to model the
shape transition, but does give a more detailed analysis of the stable equilibria. The
calculation of the transverse shape is based on the following governing equation,
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where w is outward displacement of the cross-section, y is the reference coordinate
along the width l, Φ is the twist, a is the radius of the coiled configuration, and µ
is a function of a and the stiffness properties. Equation 3.12 is an extension of the
well-known ‘beam on elastic foundation’ of Calladine [15]. Calladine’s equation is for
an untwisted isotropic shell. Mansfield [64] extended the equation for isotropic shells
including twist. When isotropic properties are substituted into Eq. 3.12 it reduces to
that presented by Mansfield. Results presented by Galletly and Guest [36] demonstrate
the differences between this and the beam model [35]. Figure 3.9 shows a comparison
of the two models for an anti-symmetric 45◦ layup for different values of initial cross-
sectional angle, characterised by α.
Figure 3.9: Cross-sectional shape in coiled configuration for an anti-symmetric 45◦
layup. Solid lines represent the shell model [36] and dashed lines the beam model [35].
A boundary layer effect is noticeable on the edge of the structure for all values of α,
although the effect is far more prominent for the smaller angle. This difference between
the models is noted to affect the location of equilibrium, in particular for small α. In
some cases even the existence of the second configuration can be affected.
While the results presented by Galletly and Guest [36] are of real interest, the mod-
elling is far more complex than that of [35]. Guest and Pellegrino [43] introduced a
model which although less general and accurate than the one by Galletly and Guest
[36], is much simpler. Importantly the simplistic nature of the model is the result of an
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observation of the plot shown in Fig. 3.8, and not an arbitrary simplifiaction to reduce
the complexity. Considered the ‘state of the art’ model of its type, it is outlined at
length here.
Guest and Pellegrino [43] highlight that there is a severe penalty associated with stretch-
ing rather bending the midsurface and hence the interesting behaviour in Fig. 3.8 is
concentrated around κˆxκˆy ≈ 0. It is therefore possible to make the assumption that the
deformation will be inextensional with a good degree of accuracy. It is then assumed
that the shell can be fitted to the surface of a cylinder. Thus, the problem can be
reduced to two variables defining the structural configurations, namely the radius 1/C
of the underlying cylinder and the orientation θ of the shell relative to the cylinder,
Fig. 3.10.
Figure 3.10: Coordinate system defining shell configurations on an underlying cylinder
of radius 1/C, from [43].
For any combination of C and θ, the curvature of the shell can be defined using a
Mohr’s circle as in Fig. 3.11.
Figure 3.11: Mohr’s circle of curvature for the configurations of Fig. 3.10, from [43].
In the inital configuration (θ = 0), κx = 0, κy = 1/R and κxy = 0. In the final
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configuration κx = (C/2)(1− cos 2θ), κy = (C/2)(1 + cos 2θ) and κxy = C sin 2θ. Thus












The bending strain energy per unit area Uˆ (Eq. 3.15) can be written in terms of the







, kˆ = Rk =
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2
 1− cos 2θcos 2θ + 1− 2/RC
2 sin 2θ





where k is the matrix of curvatures. To find energy minimising equilibria the variation













Solution of Eq. 3.16 defines the equilibria, where the stability of solutions is checked
by considering the Jacobian matrix. Two examples of this system are outlined to
highlight the key points of the model, the first an isotropic example and the second an
antisymmetric 45◦ layup, with the non-dimensional properties shown in Table 3.2.
Table 3.2: Non-dimensional Dˆ matrices for two example shells.
Isotropic example Antisymmetric 45◦ layup
Dˆ =
 1 0.3 00.3 1 0
0 0 0.35
 Dˆ =
 1 0.766 00.766 0.977 0
0 0 0.785

The non-dimensional energy plot associated with the isotropic shell is shown in polar
form in Fig. 3.12a. Two equilibrium positions are found, labelled M and N. Point M
represents the original configuration and is an energy minimum. Point N is at θ = pi/2
and Cˆ = 0.3 and is a saddle point. By considering the Jacobian matrix is can be
confirmed that this is indeed an unstable solution, and the shell is monostable.
For the antisymmetric 45◦ layup [45/-45/0/45/-45]T the associated non-dimensional
energy plot is shown in Fig. 3.12b. Due to the antisymmetry of the layup there is no
coupling between bending and twisting, Dˆ16 = Dˆ26 = 0 as with the isotropic example.
However, the coupling between bending in x and y, Dˆ12, and the relative twisting stiff-
ness Dˆ66 are approximately double that of the isotropic example. With these different
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properties four equilibrium positions are found, labelled M, N, P and Q in Fig. 3.12b.
Point M is again the initial configuration and is an energy minimum. Point N is at
θ = pi/2 and Cˆ = 0.77 and is a second stable energy minimum. Points P and Q at
θ = ±0.3pi/2 and Cˆ = 0.52 are saddle points. This layup is therefore found to be
bistable.
Figure 3.12: Polar plot of non-dimensional energy for a) an isotropic shell and b) an
antisymmetric 45◦ layup, from [43]. Contours are plotted at Uˆ = 0.05, 0.1, 0.15.
This model is in qualitative agreement with earlier models in that isotropic shells are
found to be monostable while simple antisymmetric laminates can exhibit bistability.
Furthermore, Guest and Pellegrino [43] demonstrate quantitative agreement with the
more complex models of Iqbal and Pellegrino [56] and Galletly and Guest [35, 36],
particularly as angle subtended by the shell in its initial state becomes large.
Comparing this model [43] with the work of Dano and Hyer [24] some important ob-
servations can be made. Dano and Hyer considered a simple out-of-plane displacement
field and a second order strain formulation. By contrast, Guest and Pellegrino [43]
consider the modelling in terms of curvatures which allows a linear kinematic model.
This approach is clearly far simpler and more computationally manageable but does
come at the expense of generality.
More recently, Seffen [94] considered the equilibrium states of extensible isotropic and
orthotropic elliptical shells deforming without initial prestress. A strain energy for-
mulation is used to derive a concise set of governing equations of deformation, which
notably can be solved in a closed form manner for some isotropic cases. This particu-
larly compact form gives rise to a search for multi -stability solutions, but only bistable
forms are obtained. In the case of orthotropic behaviour solutions require numerical
techniques. The developed technique is used to investigate the important role of ge-
29
3 - Literature Review
ometry and initial curvature on the presence of bistability. Figure 3.13 shows example
plots illustrating where bistability occurs (shaded regions) depending on initial x- and
y- curvatures, κˆx0 and κˆy0, and initial twist κˆxy0.
Figure 3.13: Regions of bistable configurations (shaded) for an extensible orthotropic
elliptical shell with initial curvatures κˆx0 and κˆy0 with increasing initial twist κˆxy0,
unshaded regions are monostable, from [94].
Figure 3.13 shows that adding initial twist detracts from the bistability. Interestingly it
is observed that isotropic shells can also be bistable given no initial twist and sufficient
initial curvature in both x and y.
Vidoli and Maurini [103] extended Seffen’s work [94] to demonstrate cases where par-
ticular material parameters and initial curvatures lead to apparent tristability. The
modelling presented follows the same approach as Seffen [94] in order to make direct
comparisons of results. Figure 3.14 shows a plot of multistable regions which has equiv-
alent material properties to those used in Fig. 3.13 with zero initial twist. However, the
plot in Fig. 3.14 considers a wider range of initial curvatures, essentially extending the
bounds of Fig. 3.13. For low initial curvatures Fig. 3.14 is consistent with the patterns
in Fig. 3.13. However, for large initial curvatures, Hx and Hy in this case, overlapping
regions of tristability (darker grey) are reported.
Points A, B, C and D mark initial curvatures which lead to four different cases; (A) an
initially flat monostable shell, (B) a bistable cup-like shell, (C) a bistable saddle-like
shell and (D) a tristable shell. The behaviour of these cases for changing curvatures
Kx and Ky are shown in Fig. 3.15.
Combinations of material and geometric parameters which encourage tristability are
discussed but application of this theory to asymmetric laminates is difficult. As the
modelling formulation does not include terms due to coupling between extension and
bending (found in most asymmetric laminates), direct comparison of results with lam-
inate plate theories cannot be performed to investigate tristability of composites.
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Figure 3.14: Regions of tristable solutions (dark grey) for an extensible orthotropic
shell with initial curvatures Hx and Hy and zero initial twist. Light grey regions are
bistable, white regions are monostable and points A-D are investigated in Fig. 3.15
Figure 3.15: Equilibria for the four initial curvatures (a) A, (b) B, (c) C and (d ) D
marked in Fig. 3.14. White circles denote the minima and white−black circles denote
the natural configuration and the initial curvature.
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Seffen [95] later extended the earlier formulation [94] including pre-stressing by creat-
ing residual stresses. Any initial curvature is assumed to be stress-free. For simplicity
the pre-stress is assumed to create residual bending stresses only, uniformly distributed
throughout the shell. It is noted that the formulation could be extended to include
coupling between bending and stretching, but that the formulation becomes dispropor-
tionately large for the sake of a few specialised materials. With this assumption the
formulation is stated in a very elegant way, with closed form equations defining the
deformations. However, these ‘specialised’ materials include composite laminates. The
assumption of zero bending-extension coupling (zero B matrix in composite notation)
would prove particularly restrictive for the studies proposed in this thesis.
While composite laminates do not necessarily exhibit bending-extension coupling, the
design space for those which don’t is extremely limited. Typically symmetric stack-
ing sequences are used to avoid coupling but this is clearly not an option for bistable
laminate studies. The problem of uncoupled laminates has been considered exten-
sively in literature, a good example being a study by York [108] to characterise fully
orthotropic laminate stacking sequences of discrete ply orientations. Additionally, a
short study of continuous ply orientations for fully general stacking sequences in pre-
sented in Appendix A to identify a small subset of asymmetric laminates which exhibit
zero bending-extension coupling.
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3.2 Modelling of Bistable Laminate Actuation
The previous section has extensively outlined the existing literature for the prediction
of the multiple shapes of asymmetric laminates, and therefore the potential structural
deformation which can be achieved. If this structural deformation is to be realised in
practical applications some method of actuating the laminate must be included in the
structure and accurately modelled.
There have been numerous experimental and analytical studies in this area which can be
classified as either mechanical or ‘smart’ actuation. This section provides an overview
of the existing literature in these areas, focussing particularly on piezoelectric and shape
memeory alloy (SMA) smart materials.
3.2.1 Mechanical Actuation
There have been a small number of studies considering actuation of bistable laminates
using a simply applied mechanical force to provide the necessary energy input. Due to
the practical limitations of requiring some external mechanism to provide the mechan-
ical force these studies are typically presented as a proof of concept, discussed as a first
step towards understanding smart actuation.
The first notable study in this area was presented by Dano and Hyer [23] in which
the authors considered the response of simple cross-ply laminates of [0n/90n]T layup
to a force applied in the in-plane direction. This work builds on Hyer’s original model
for static shapes [53] by including the energy contribution due to a force applied at the
end of a set of supports attached to the laminate surface. By this method a moment
is generated about the geometric centre of the laminate to shallow the major curv-
taure and eventually induce snap-through. The modelling formulation is then solved
for incremental increases in the applied force until a state change is observed. This
simplistic modelling approach, requiring just four coefficients to define the laminate
shapes, showed very reasonable correlation with presented experimental data. Some
divergence was observed close to the actuation point due to the limitations of the model
as outlined in Section 3.1.1. Furthermore, the arrangement for actuation, stated as be-
ing designed with SMA actuation in mind, is cumbersome and impractical.
Dano and Hyer [25] later extended the formulation to general layups and off-axis force
application by extending the advanced modelling approach of [24]. Figure 3.16a shows
the mechanical arrangement considered, while Fig. 3.16b shows the laminate displace-
ment under the applied force. The modelling approach is very similar to that in [23],
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looking to minimise the total energy of the laminate including the contribution due to
the applied force. However, the shape functions used to define the laminate deforma-
tions are necessarily more complex. Experimental results presented for three specific
families of laminates showed very good agreement with modelling predictions for actu-
ation forces. However, it is noted that the transition phase between stable states is not
accurately predicted by this static approach as the transformation is a dynamic one.
Figure 3.16: a) Geometry for actuation and b) deflection under applied force F , [25].
An alternative approach to predict the mechanical force required for actuation was
presented by Schlecht and Schulte [89] using FEA. The method, suitable for laminates
of fully general composition, initially captures one of the two stable states. The node at
the geometric centre of the laminate is then fixed and the four corners of the laminate
forced in the direction of the assumed second stable state. The peak reaction force mea-
sured at the centre node during the transition is then used to represent the actuation
force. It was shown that for [02/θ2]T laminates the force required to actuate increases
monotonically with θ. While the stable shapes were compared to analytical modelling
predictions for some laminates [55], no validation of the actuation forces was presented.
From a modelling viewpoint, and with optimisation in mind, mechanical force rep-
resents a simple mechanism which can build on existing static analysis. However, the
need for external mechanisms or additional support structures is not practically ideal
and perhaps does not fit the ethos of morphing/smart structures.
3.2.2 Smart Actuation
The use of smart material based actuation methods has grown significantly in recent
years, and has reinvigorated research in the field of morphing structures. Chopra [18]
cites five distinct reasons for this increased interest:
1. Availability of smart materials commercially.
2. Ease of embedding devices in laminated structures.
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3. Exploitation of material couplings such as mechanical and electrical properties.
4. Potential of a substantial increase in performance at a small price (weight penalty).
5. Advances in microelectronics, information processing, and sensor technology.
In this section a number of existing analytical and experimental studies are described,
primarily focussing on smart actuators based on piezoelectric and SMA materials.
Piezoelectric Macro-Fibre Composite Actuators
One example of smart materials being utilised for actuation is macro-fibre composite
(MFC) actuators. These consist of piezoceramic fibres embedded in an epoxy matrix,
sandwiched between thin layers of polymer film with interdigitated electrodes attached
to the top and bottom surfaces, see Fig. 3.17. The piezoceramic fibres are typically
lead zirconate titanate (PZT), often PZT-5A. This relatively soft material exhibits high
piezoelectric coefficients and can therefore generate high strain per unit electric field.
Figure 3.17: Electric field lines generated in an MFC showing variability in field direc-
tions and dead zones, adapted from [37].
To generate the maximum strain per unit electric field the poling direction of the piezo-
ceramic is aligned with the long axis of the fibres and electric field is applied parallel
to the poling direction. By aligning the poling and field directions in this manner the
actuation strain is generated via the d33 piezoelectric coefficient (elongation), typically
twice the magnitude of the transverse d31 coefficient.
Figure 3.17 shows the electric field directions within an MFC. The applied field is
only well aligned with the fibre direction in limited regions between the interdigitated
nodes, with dead areas not exposed to significant electric field highlighted in the figure.
The resulting complex three-dimensional field presents a modelling challenge to cap-
ture the actuation behaviour of such a device. Existing studies using both FEA [11, 73]
and analytical techniques [13, 27, 63] have been presented with limited success. While
these studies do help to understand the underlying physics the inherent complexity and
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computational time are far from ideal. Therefore in this section the review focusses
on studies which look to represent the behaviour of MFC’s based on constitutive layer
properties, ideal for integration within a laminate model.
Giddings et al. [38] presented an experimental study to characterise the actuator prop-
erties of a bistable composite laminate with an MFC bonded to its upper surface. The
piezo-laminate combination was evaluated in terms of its blocking force (maximum
force exerted by an actuator when placed in a perfectly unyielding clamp), free dis-
placement and load-displacement characteristics. Linear relationships were identified
between blocking force and free displacement with applied voltage when the lami-
nate was actuated in a single stable state, correlating well with the analytical studies
presented in this section. The load-displacement characteristics indicated significant
control of the actuation force could be achieved by the application MFC voltage.
Bowen et al. [12] presented two experimental studies to demonstrate the capability
of MFC’s for bistable laminate actuation. A square [0/90]T laminate and rectangular
[0/0/90/90]T cantilever were manufactured with MFC’s attached to the top surfaces.
The focus of the study was to investigate the coupled behaviour between piezoelectric
loading and simple mechanical loading to induce state-changes. Both structures were
singly actuated in one direction only under the influence of the MFC. However, it was
demonstrated that reversible actuation could be achieved by using small mechanical
loads to aid a single MFC, and that these forces could be tailored by considering vari-
ation in the applied volatges. Modelling of such behaviour would require capture of
nonlinear behaviour at both material and structural levels.
The first notable attempt to analytically model MFC actuation of a bistable lami-
nate was presented by Schultz and Hyer [91]. The modelling considers minimisation of
the total strain energy of the piezo-laminate structure with an applied electric field to
define the shallowing shapes during actuation. The model considered cross-ply lami-
nates only and was an extension of the unloaded model presented by Hyer [55]. The
extension here was to consider the manufacture of the laminate alone as a first con-
tribution to the strain energy, with the contributions due to attachement of the MFC
and the subsequent application of an electric field as the second and third steps. These
steps were treated independently as in practical experiments. It was noted that areas
of locally reversed curvature exist outside the bounds of the MFC (smaller than the
laminate planform), not captured by modelling due to the simplistic assumed form for
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It is noted that in order to apply this cubic polynomial to define the laminate profile
a quarter symmetry rule was introduced (only one quadrant considered in the mod-
elling). This higher order model was found to reduce the errors in the predicted shape
but actuation voltage predictions underestimated the required voltage by around 25%.
It was also noted that reversible actuation may be achievable using a second MFC
attached to the opposite surface.
Schultz and Hyer [92] later validated the earlier model [91] using FEA. A number
of variations of the analytical model using different levels of complexity in the shape
functions were compared to FEA predictions of piezoelectrically induced shapes. The
polynomial considered in [91] was found to predict the actuation voltage most accu-
rately but still represented a large underestimation. Overall shape predictions were
very good but localised phenomena such as edge effects and local deformation in re-
gions of changing stiffness (i.e. MFC bounds) were noted.
Ren and Parvizi-Majidi [83, 85] treated the integration of an MFC within the lam-
inate model slightly differently. It was noted that the approach of Schultz and Hyer
[91, 92] to breakdown the modelling into distinct thermal and piezoelectric steps was
unnecessary as the thermal loads and piezoelectric loads are mathematically similar.
Where the thermal load is calculated by a temerature change and thermal expansion
coefficient, the piezoelectric load is calculated by a voltage change and piezoelectric
coefficient. Conceptually the laminate is considered to be manufactured in a single
step with the MFC assumed to not experience the temperatue changes associated with
the cure process. To validate this approach for cross-ply laminates [83] and shells
with an initial pre-curvature [85], finite element results were presented for a series of
laminates. Results demonstrated very close correlation of shapes and highlighted the
potential for fine shape control within each stable shape. In the case of introducing
some pre-curvature it was noted that if carefully designed, laminated structures could
be tailored to require less external field to induce large shape deformation.
Ren [84] later extended the single step modelling approach to arbitrary layup lami-
nates by ammending the modelling approach of Dano and Hyer [24] to include the
effects of piezoelectric loads. Once again results were validated against finite element
results showing very close correlation for both the direction and magnitude of principal
curvature. This approach was applied to an interesting study to investigate how the
shape of laminates could be finely adjusted, demonstrating how the angle of prinici-
pal curvature could be adjusted by applying an electric field. Potential for improving
aerodynamic efficieny of aircarft wings without the large structural deformation which
is typically associated with bistable laminates was highlighted.
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All studies discussed to this point have been concerned with the single actuation of
bistable laminates. There has been little work directed at developing mechanisms
for reversible actuation between states. One study by Portela et al. [76] considered
reversible actuation using a single MFC. They demonstrated that this could not be
achieved without external weights to aid snap-through, citing the influence of the at-
tached MFC on the two stable shapes. When the MFC is attached to one surface the
resulting two stable shapes have different curvatures and stiffnesses. These differences
and the poor alignment of the piezoelectric effect make the reverse actuation more
difficult and impossible with the MFC actuator.
Schultz et al. [93] demonstrated a novel study for self-resetting laminates through the
combined use of two piezoelectric MFCs attached orthogonally on opposite laminate
surfaces, Fig. 3.18. A number of interesting phenomena were observed including the
successful reversible actuation of a cross-ply laminate. However, the voltages required
to induce the state-change were considerably higher than those predicted analytically
and importantly were outside the recommended operating voltage range of the MFCs.
This was partly attributed to the nature of the actuation which was not observed to be
a single instantaneuous transition as predicted, but rather a multiple stage transition
with individual corners of the laminate deforming prior to the global shape change. The
use of MFCs which cover more of the laminate surface may overcome the problems of
high required actuation voltages, time-dependent snap-through and local deformation.
Figure 3.18: Geometry of a self-resetting cross-ply laminate, from [93].
The concept of controlling aerodynamic properties through fine piezoelectric shape
control of bistable laminates was further investigated by Giddings [37]. A local spoiler
bump was manufactured by integrating an elliptical bistable section within a unidi-
rectional composite plate, actuated by an MFC attached to the top surface, Fig. 3.19.
This structure was modelled using FEA to predict the raising and shallowing bump
profile under an applied electric field. Excellent correlation between experimental and
predicted displacements was observed although large variation in actuation voltages
was stated. Despite this discrepancy, attributed to a number of manufacturing issues,
this study demonstrated a novel morphing concept which demonstrates the potential
for fine piezoelectric control.
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Figure 3.19: Elliptical bistable region (dark grey) within a unidirectional laminate
(light grey) with an MFC actuator located on the top surface, adapted from [37].
Shape Memory Alloy Actuation
One major limitation of piezoelectric materials is that they are capable of only a rel-
atively low strain (approx. 0.1%). While this has been demonstrated as suitable for a
single actuation of a bistable laminate, the reverse or ‘resetting’ actuation proves more
difficult, requiring multiple MFC’s which can reduce the laminate curvatures.
An alternative actuation mechanism is shape memory alloy (SMA) wires which are
able to induce high force and high strain (approx. 8%). The mechanism of actua-
tion in SMA is a temperature-induced phase change (martensite to austenite) which
produces a significant shear strain on heating above the transformation temperature.
Typically in the form of wires for actuation, electrical resistance can be used to induce
the necessary heating. A comprehensive review of the selection of SMA over alterna-
tive mechanisms is presented by Huber et al. [50]. Additionally, a limited number of
analytical and experimental studies have been conducted to investigate SMA actuation
of bistable laminates, briefly outlined in this section.
Dano and Hyer [26] extended their earlier mechanical actuation study [25] to include
the effects of a series of SMA wires. Using a system of supports attached to the laminate
surface, as described in Section 3.2.1, SMA wires were positioned above the laminate
surface. In this way electrical heating of the SMA could induce a moment intended
to shallow the major curvature of the laminate and eventually induce a state change.
The modelling formulation was very similar to that in [25], the extension being the
prediction of the SMA induced in-plane force due to heating of the SMA wires. The
transition from the pure martensite to pure austenite phase was modelled as a linear
variation in stress between the start and finish transition temperatures. It was demon-
strated that a single SMA actuation of an arbitrary layup laminate is achievable with
good correlation between predicted and experimentally observed shapes and actuation
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voltages. However, no mechanism for reversing the actuation is discussed. Further-
more, as stated for the mechanical actuation, the obtrusive arrangement of supports
required on the laminate surface is practically prohibitive.
Ryu et al. [87] presented an experimental and finite element study of actuation of cross-
ply laminates using SMA spring (coiled SMA wire) actuators. The proposed advantage
of this technology is that the spring offers multiple design parameters (number of coils,
coil diameter, wire diameter etc.) which can be tailored to suit specific actuation re-
quirements. To further investigate scope for modifying the actuation charactersitics,
laminates with differing levels of intial pre-cure curvature were manufactured by laying
cross-ply stacking sequences on curved metallic plates of radius of curvature between 70
and 300mm. The springs were attached to supports on the laminate surface as shown
in Fig. 3.20.
Figure 3.20: SMA spring induced actuation states for a cross-ply laminate, from [87].
Using finite element simulations the required actuation forces are determined. The de-
sign of the SMA springs are then chosen to provide the necessary force. The designed
device was manufactured and tested experimentally, demonstrating the feasibility of
SMA spring actuation of bistable laminates. No discussion of modelling accuracy was
presented.
SMA actuation has received considerably less interest than piezoelectric actuation due
to its slow response time and low bandwidth [107]. Maximum operating frequencies are
lower than 10Hz for SMA compared with over 10kHz for piezoelectrics [50]. Coupled
with the lack of fine control (transition occurs within a very narrow band of electrical
heating), application of SMA is perhaps limited to situations requiring particularly
high strain. Furthermore, SMA wires are less easily integrated into existing modelling
techniques than MFCs, particularly with respect to the layer-like nature of MFCs.
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3.3 Optimisation of Bistable Laminate Design
The review of existing literature on bistability of composite structures has demonstrated
why optimisation of such structures presents a challenge. Unless restrictive simplifica-
tions are made, such as limiting to cross-ply laminates, ignoring coupled behaviour, or
considering square laminates only, existing modelling techniques become highly com-
plex. Furthermore, when actuation methods are included the governing equations grow
further. Existing studies considering optimisation of bistable laminates are therefore
extremely limited. A brief summary of work in this area is presented in this section.
Hufenbach et al. [52] considered optimisation of bistable laminate curvature through
a genetic algorithm approach. The modelling was limited to cross-ply layups but re-
quired numerical solution methods to obtain the stable laminate shapes, thus ruling out
gradient based optimisation technqiues. The objective of the study was to maximise
the major curvature in a single stable state, or to meet a specific target curvature. The
solution was not guaranteed to be bistable and the deflection between two states was
not considered. Optimum solutions for maximum curvature are presented for a number
of different materials with solutions differing from typical balanced thickness cross-ply
laminates. Optimum curvatures were found for stacking sequences dominated by either
a 0◦ or a 90◦ ply with the optimum balance of ply thicknesses found to be dependent
on the material type.
Figure 3.21: Curvature of a two-ply CFRP laminate with variable thickness ratio. Note:
laminate size 300 × 300mm, total thickness h of 1mm, top layer thickness of h1, from
[52].
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This study [52] was later extended by Hufenbach and Gude [51] to include failure
modes of composite materials as constraints in the optimisation, found to be inactive.
This work also presented a more detailed summary of the ply thicknesses for maximum
curvature. A two-ply example is shown in Fig. 3.21 demonstrating the curvature in a
single state with all combinations of relative ply thickness for a [0/90]T laminate. The
bistable region is shaded grey, the bounds of which define the thicknesses for maximum
curvature.
A more detailed study of optimisation for a target curvature was also presented. The
genetic algorithm was capable of identifying multiple solutions of differing combina-
tions of 0◦ and 90◦ plies (variation in number and thickness of plies) to meet a target
curvature in a single state within a specified tolerance. Although a primary advantage
of bistable composites is the large achievable deflection between states, this example
highlights the difficulty in building an understanding of both states into an iterative
optimisation scheme.
On a larger scale, Panesar and Weaver [72] considered optimisation of a blended bistable
laminate for a morphing flap application. In contrast to all previous studies discussed
in this chapter this work presented the design of a tow-steered laminate with distinct
ply orientations for each planform section. Given the complexity of this structure the
design was limited to discrete ply orientations at 30◦ intervals. The method used FEA
to assess the structural deformations and feedback information at each iteration of an
ant colony optimisation routine. Designs were obtained for both maximised angle of
attack and maximum out-of-plane deformation.
A number of optimisation studies have also been presented based on piezoelectrically
controlled adaptive composite structures [19, 20, 21, 97]. These studies consider op-
timisation of piezoelectric size and location on an underlying composite structure for
buckling and deformation control. These studies are of interest here as they present
interesting discussion on optimisation of the piezoelectric configurations. However,
the composite structures are not bistable and therefore no techniques for dealing with
multiple stable states are presented.
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3.4 Concluding Remarks
Modelling of Bistable Composite Plates
Analytical modelling of the thermally-induced shapes of asymmetric composite lam-
inates has received a great deal of interest in the past few decades. This existing
research appears to be split into two distinct areas; simplified modelling which allows
efficient calculation of laminate shapes at the expense of greatly reducing the design
space; and more complex modelling requiring numerical solution methods which allow
more general application. The compromise between these two areas represents one of
the main focusses of the work presented in this thesis. In order to enable optimisation
studies for the design of bistable laminates the stable shapes need to be calculated at
many design iterations. This requires a fast and robust modelling technique which does
not currently exist for general laminate composition.
Modelling of Actuation
The requirement for an efficient modelling technique becomes even more significant
when the complexity of a method of actuation is introduced. Once again, there ap-
pears to be a compromise between the simple approach of using mechanical actuation
and the more complex modelling of smart actuators which offer practical advantages.
Developing a modelling approach to incorporate a suitable actuation method while
maintaining robustness and computational speed represents another major challenge
in this work.
Optimisation of Bistable Laminate Design
The main novelty of the work undertaken in this thesis lies in the development of
optimisation techniques for bistable laminate design. The modelling complexities high-
lighted in this chapter demonstrate why only very limited work has been conducted in
this area. Development of a novel modelling formulation, coupled with identifying suit-
able methods to deal with the multiple equilibria inherent in this type of system, are
intended to enable optimisation. Successful completion of these tasks will allow optimi-




Modelling of Bistable Laminate
Shapes
In this chapter the analytical modelling work conducted for the static shapes of bistable
laminates is described. The aim of this modelling work is to enable optimisation of
bistable laminate design by removing the need for the slow numerical techniques typi-
cally required to define the shapes of arbitrary layup laminates. This includes eliminat-
ing the need for a close estimate of the shapes to reliably capture the multiple solutions.
Section 4.1 outlines the existing analytical model for the stable shapes of fully gen-
eral asymmetric layups based on a constant curvature approximation. The limitations
of this model from the viewpoint of optimisation are highlighted, which leads to a dis-
cussion of a simplified geometry in Section 4.2. The simplifications which can be made
to the existing model due to the simplified geometry are then outlined in Section 4.3.
The lamination parameter method is used to separate the model into its constitutive
parts (i.e. stiffness properties, laminate geometry etc.) resulting in a matrix formu-
lation of the governing equations. This simplified modelling formulation enables the
derivation of an analytical solution, outlined in Section 4.4, with explicit expressions
for each of the coefficients defining the laminate profile.
Finally, some concluding remarks discuss the application of the derived analytical
method to optimisation, including consideration of how the model can be extended
to more varied configurations for actuation.
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4.1 Existing Model for Bistable Laminate Shapes
The existing analytical model to calculate the shapes of asymmetric laminates used
as the basis for this work was first introduced by Dano and Hyer [24], and has been
verified against experimental and FEA results [24, 26, 84]. The model is used to
predict the shapes of laminates of general layup, referred to in this work as having
an arbitrary layup. For example, Fig. 4.1 shows the shapes of a [-30/60]T laminate.
Two cylindrical room-temperature shapes are observed, Figs. 4.1a and b, with equal
and opposite curvatures in the x- and y-directions. A saddle shape, Fig. 4.1c, is also
indicated by modelling but can be shown to be unstable.
Figure 4.1: Room-temperature shapes of a square [-30/60]T laminate: (a) stable cylin-
drical shape, (b) opposite cylindrical shape, and (c) unstable saddle shape.
The model to predict these shapes is based on a nonlinear extension to classical lami-
nated plate theory (CLT) [65] with approximated midplane strain functions and non-
zero in-plane shear strain. A Rayleigh-Ritz method of minimisation of the total strain
energy of the laminate is used to obtain information defining the room-temperature
shapes.
The coordinate system used is that defined in Fig. 4.1. The origin sits at the geo-
metric centre of the laminate and plies are defined in order starting from the negative
out-of-plane surface. The out-of-plane displacement in the z-direction, w, is assumed
to be of the form,
w = 0.5
(
ax2 + by2 + cxy
)
(4.1)














The midplane strains including geometrical nonlinearity according to the von Karman
hypothesis are defined as,
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where u0 and v0 are the in-plane displacements in the x- and y-directions respectively.
The midplane strains are approximated by third order polynomials. Dano and Hyer [24]
considered the complete third order polynomials and found that the coefficients of the
terms with powers of x and y that sum to an odd number were always zero. Therefore
the form of the midplane strains can be reduced to the polynomials of Eq. 4.4.
0x = d1 + d2x
2 + d3xy + d4y
2
0y = d5 + d6x
2 + d7xy + d8y
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Using Eqs. 4.1 - 4.4 the in-plane displacements u0 and v0 can be determined.
































































cijklijkl − αˆijij∆T (4.7)
cijkl’s are elastic constants, ij ’s and kl’s are the total strains, αˆij ’s are constants related
to the thermal expansion coefficients and ∆T is the change in temperature from cure.
CLT follows the assumption that through-thickness stresses are small in comparison to
in-plane stresses. In assuming a state of plane stress, the normal stress in the z-direction
and out-of-plane shear stresses are assumed to be zero, and expansion of Eq. 4.6 leads
to an expression for the total energy as a function of material and geometric properties,
the temperature change and the total strains,
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Q¯12αx + Q¯22αy + Q¯26αxy
)
y∆T
− (Q¯16αx + Q¯26αy + Q¯66αxy) xy∆T)dxdydz
(4.8)
where the Q¯ij ’s are the symmetric transformed stiffness matrices [65] of the individual
layers, Lx and Ly are the planform side lengths of the laminate, H is the total laminate











Substituting Eq. 4.9 into 4.8 and performing the spatial integrations results in an
expression for the total energy of the laminate of the form
W = W (a, b, c, d1, d2, d3, d4, d5, d6, d7, d8, d9, d10, d11) (4.10)






δpi = 0 (4.11)




= 0; i = 1, 2, ..., 14 (4.12)
This results in 14 highly nonlinear equations to be solved to find the stable room-
temperature shapes defined by the 14 shape coefficients pi. To be a stable solution the
Jacobian matrix, Eq. 4.13, must also be positive definite.
J =
∂ (f1, f2, ..., f14)
∂ (a, b, c, d1, ..., d11)
(4.13)
Symbolic computing is used to generate the 14 equilibrium equations due to the com-
plex nature of the strain energy density function. A Newton-Raphson approach is then
typically used to solve the system of equations and find the room-temperature shapes.
The success of this method is highly dependent on the initial guess and convergence
to a solution can be slow. Furthermore, as the problem has multiple equilibria, con-
vergence to the desired solution can not be guaranteed and multiple initial guesses are
required to identify all possible solutions.
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The main aim of this work is the development of optimisation for the design of bistable
laminates. With this in mind the computational issues associated with this method
present a challenge. While the technique is well suited to the analysis of a single lami-
nate the problem is not well formed for optimisation where a fast and robust method is
required for the calculation of bistable laminate characteristics at every design iteration.
In this work an alternative approach to solving Eq. 4.12 is taken. By considering
a simplified laminate geometry, constrained to ensure two stable states of equal and
opposite curvature, an analytical solution to Eq. 4.12 is derived. This ideal laminate
geometry is detailed in the next section, followed by full derivation of the simplified
modelling formulation and the analytical solution.
4.2 Ideal Laminate Geometry
In the past, attempts to derive an explicit set of equations to define the stable shapes
of bistable laminates have relied on assumptions or simplifications which restrict the
general design space. The first work in this field by Hyer [53] was limited to cross-ply
designs consisting of 0◦ and 90◦ plies. Due to the reduced number of shape coefficients
required to model the problem the governing system of equilibrium equations was suf-
ficiently simple that an analytical solution could be easily derived. By introducing
arbitrary layup angles, as in this work, the number of equilibrium equations increases
from 4 to 14 and the complexity of these equations increases greatly. In this case an
analytical solution cannot be found.
An alternative formulation proposed by Seffen [95] outlines the governing equations
of deformation for multistable shells, not limited to composite laminates. However, in
order to derive the governing equations the coupling between bending and stretching
is omitted. This simplification is made as the formulation becomes disproportionately
large for the sake of dealing with a small set of specialised materials. However, with
very few exceptions [108], composite laminates do exhibit coupling betwen bending and
stretching. This point is demonstrated by a short study presented in Appendix A.
The simplifications made in both of the above cases are made for the sole purpose
of reducing the complexity of the modelling. In this work the problem is considered
from a practical design viewpoint and simplifications are made based on knowledge of
the design space. Fully arbitrary layup is unnecessary for bistable laminate design.
By focussing on geometries which will exhibit specific bistable behaviour the modelling
complexity of Section 4.1 can be greatly reduced.
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4.2.1 Ideal Laminate Characteristics
When designing a bistable laminate there are two main areas of concern. Firstly, the
useful range of displacement between stable states. For designs requiring a high snap-
through displacement the plies are positioned perpendicular to one another. For a low
snap-through displacement the ply angles can either be moved closer together, which
will tend towards monostability, or additional plies can be added to the structure to
reduce the curvature. Secondly, we are interested in how the laminate responds to
externally applied loads. It is therefore desirable to be able to tailor the directional
stiffness properties of the laminate.
4.2.2 Simplified Laminate Geometry
The requirements for the simplified ideal laminate design are achieved by imposing the
following set of four design rules:
1. Even number of plies with pairs of plies about the laminate midplane 90◦ apart.
2. Square laminate edge lengths, L.
3. Equal ply thicknesses about the laminate midplane, t1, t2, ... , tn.
4. Each ply is made from the same material.
These design rules also have the property that the two stable shapes will have equal
magnitude of curvature in opposite out-of-plane directions. By positioning pairs of
plies at 90◦ to one another the laminate can exhibit maximum out-of-plane deflection.
However, the scope for variation in ply orientations through-thickness means the de-
sign is not limited to maximum deflection, cross-ply designs. This simplified laminate
geometry is illustrated in Fig. 4.2.
Outlined in the following sections are the modelling simplifications associated with
this simplified design with pairs of orthogonal plies. For brevity this stacking sequence
is referred to as cross-symmetric from here onwards. For simplicity and to reduce the
length of the derivations the following sections focus on a two-ply example of the design
rules. However, all of the work is easily extended to the full n-ply design case with
different individual ply thicknesses. This is demonstrated in Section 4.3.3.
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Figure 4.2: n-ply laminate geometry ensuring curvatures of equal magnitude and op-
posite direction.
4.3 Modelling Simplifications for an Ideal Geometry
The system of energy equilibrium equations to be solved to find the stable laminate
shapes, Eq. 4.12, is a function of material stiffness terms, thermal forces and moments,
and a set of shape coefficients used to define the in-plane and out-of-plane deflections.
With the simplifications made to the laminate geometry in Section 4.2 a number of
simplifications to the modelling can be made, reducing the system to a more manageable
size in order to find an analytical solution. In this section the simplifications which can
be made in each of these areas are outlined.
4.3.1 Simplified Stiffness Matrices
The expression for the total strain energy of a laminate, Eq. 4.10, is a function of the
in-plane (A), coupling (B), and flexural (D) stiffness matrices [65]. These stiffness
terms are classically evaluated by performing the following integrations:
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where H is the total laminate thickness and the Q¯ij ’s are the transformed stiffnesses
defined as follows,
Q¯11 = Q11m




4 + 2(Q12 + 2Q66)n
2m2 +Q22m
4
Q¯12 = (Q11 +Q22 − 4Q66)n2m2 +Q12(m4 + n4)
Q¯66 = (Q11 +Q22 − 2Q12 − 2Q66)n2m2 +Q66(m4 + n4)
Q¯16 = (Q11 −Q12 − 2Q66)nm3 + (Q12 −Q22 + 2Q66)n3m
Q¯26 = (Q11 −Q12 − 2Q66)n3m+ (Q12 −Q22 + 2Q66)nm3
(4.15)
where m and n are the trigonometric functions cos θ and sin θ respectively, θ is the ply












where E11 is the longitudinal Young’s modulus, E22 is the transverse Young’s modulus,
G12 is the shear modulus, ν12 is the major Poisson’s ratio, and the minor Poisson’s ratio





For off-axis ply orientations the expressions for the A, B and D matrices are complex
in nature, referring in particular to the trigonometric functions of Eq. 4.15. In order to
more easily allow the ply angle θ to be a variable in a later optimisation formulation
an alternative method of evaluating the A, B and D matrices is introduced, replacing




















(2 sin 2θ − sin 4θ)
(4.18)
Substitution of Eq. 4.18 into each of the components of Eq. 4.15 results in the following
simplified expressions for the transformed stiffness terms. Full derivations of these
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expressions can be found in Appendix B.1.
Q¯11 = U1 + U2 cos 2θ + U3 cos 4θ
Q¯22 = U1 − U2 cos 2θ + U3 cos 4θ
Q¯12 = U4 − U3 cos 4θ








U2 sin 2θ − U3 sin 4θ
(4.19)
where U1−5 are the linear combinations of single ply stiffness properties of Eq. 4.20,





















(Q11 +Q22 − 2Q12 + 4Q66)
(4.20)
Equation 4.20 can be further simplified by separating the material properties and co-
efficients as follows,
[U ] = [U1 U2 U3 U4 U5] = [Q][Qcoef ] (4.21)
where Q is the matrix of stiffness terms,
[Q] =
[
Q11 Q22 Q12 Q66
]
(4.22)









































Equation 4.19 is then substituted into Eq. 4.14, resulting in the following expressions
for all terms of the A, B and D matrices. Full derivations of these expressions can be
found in Appendix B.2.
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The remaining trigonometric integrals of Eq. 4.24 are known as the lamination param-




cos 2θdz, V B1 =
∫ H/2
−H/2







cos 4θdz, V B2 =
∫ H/2
−H/2







sin 2θdz, V B3 =
∫ H/2
−H/2







sin 4θdz, V B4 =
∫ H/2
−H/2





Substitution of Eq. 4.25 into Eq. 4.24 results in the following simplified form of the A,
B and D matrices.




















[A22, B22, D22] = U1
[
H, 0, H3/12
]− U2 [V A1 , V B1 , V D1 ]+ U3 [V A2 , V B2 , V D2 ]
[A12, B12, D12] = U4
[
H, 0, H3/12
]− U3 [V A2 , V B2 , V D2 ]
[A66, B66, D66] = U5
[
H, 0, H3/12
]− U3 [V A2 , V B2 , V D2 ]
[A16, B16, D16] = (1/2)U2
[














[A26, B26, D26] = (1/2)U2
[





]− U3 [V A4 , V B4 , V D4 ]
(4.26)
For design rules 1 and 3, and for a two-ply example, the lamination parameters of
Eq. 4.25 can be evaluated in terms of first ply angle and single ply thickness only.
Derivation of these expressions can be found in Appendix B.3 and are expressed in
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their simplest form below.
V A = 2t
[
0 cos 4θ1 0 sin 4θ1
]
V B = −t2
[






0 cos 4θ1 0 sin 4θ1
] (4.27)
Noting that half of the terms of Eq. 4.27 are zero, Eq. 4.26 can be reduced to the
following form














[A22, B22, D22] = U1
[
H, 0, H3/12
]− U2 [0, V B1 , 0]+ U3 [V A2 , 0, V D2 ]
[A12, B12, D12] = U4
[
H, 0, H3/12
]− U3 [V A2 , 0, V D2 ]
[A66, B66, D66] = U5
[
H, 0, H3/12
]− U3 [V A2 , 0, V D2 ]
[A16, B16, D16] = (1/2)U2
[








[A26, B26, D26] = (1/2)U2
[
0, V B3 , 0
]− U3 [V A4 , 0, V D4 ]
(4.28)
Inspection of Eq. 4.28 reveals that certain terms of the A, B and D matrices are equal
to each other for this design case. The matrices can therefore be expressed in the
following simplified form, which reduces the complexity of Eq. 4.10.
A =
A11 A12 A16A12 A11 −A16
A16 −A16 A66
 ,B =
B11 0 B160 −B11 B16
B16 B16 0
 ,D =




Combining Eqs. 4.27 and 4.28, the remaining terms of Eq. 4.29 can be expressed as
[A11 A12 A16 A66 B11 B16 D11 D12 D16 D66] = [U ] [Z] [T ] (4.30)
where U is defined by Eq. 4.21, Z is the matrix of ply orientation dependent compo-
nents of the lamination parameters,
[Z] =

1 0 0 0 0 0 1 0 0 0
0 0 0 0 ZB1 Z
B
3 /2 0 0 0 0
ZA2 −ZA2 ZA4 −ZA2 0 0 ZD2 −ZD2 ZD4 −ZD2
0 1 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 1
 (4.31)
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and T is the diagonal matrix of ply thickness dependent components of the lamination
parameters.
[T ] = diag
[
2t 2t 2t 2t −t2 −t2 23 t3 23 t3 23 t3 23 t3
]
(4.33)
4.3.2 Simplified Thermal Forces and Moments
The stiffness invariants and lamination parameters can also be applied to thermal
forces and moments, as considered by Diaconu and Sekine [28] and corrected in [29].
Expansion of Eq. 4.8 results in consideration of the thermally induced forces, NTx , N
T
y
























(Q¯16αx + Q¯26αy + Q¯66αxy)∆T [1, z]dz
(4.34)
where α’s are the thermal expansion coefficients in the x-y plane and are defined as
αx = α1 cos
2 θ + α2 sin




















(α1 + α2) +
1
2
cos 2θ(α1 − α2)
αy = α1 sin
2 θ + α2 cos




















(α1 + α2) +
1
2
cos 2θ(α2 − α1)
αxy = 2(α1 − α2) cos θ sin θ = (α1 − α2) sin 2θ
(4.35)
where α1 and α2 are the material thermal expansion coefficients in the fibre and trans-
verse directions respectively. For a two-ply stacking sequence following the layup defi-




(α1 + α2) +
1
2




(α1 + α2) +
1
2
cos 2θ1(α2 − α1)
αxy,1 = (α1 − α2) sin 2θ1
(4.36)
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(α1 + α2) +
1
2




(α1 + α2)− 1
2




(α1 + α2) +
1
2




(α1 + α2)− 1
2
cos 2θ1(α2 − α1)
αxy,2 = (α1 − α2) sin(2θ1 + 180)
= −(α1 − α2) sin 2θ1
(4.37)
where the additional subscript denotes the ply number. Equations 4.36 and 4.37 demon-
strate that the following relationships exist for the layup sequence [θ1, θ1 + 90]T.
αx,2 = αy,1, αy,2 = αx,1, αxy,2 = −αxy,1 (4.38)
Thermal Forces
The thermal forces are first considered. Expansion of Eq. 4.34 for the two-ply design















Q¯16,1αx,1 + Q¯26,1αy,1 + Q¯66,1αxy,1 + Q¯16,2αx,2 + Q¯26,2αy,2 + Q¯66,2αxy,2
)
(4.39)































αx,1(Q¯16,1 + Q¯26,2) + αy,1(Q¯26,1 + Q¯16,2) + αxy,1(Q¯66,1 − Q¯66,2)
]
(4.40)
The stiffness invariants are then introduced by substituting Eq. 4.19 into Eq. 4.40.
NTx = t∆T [αx,1 (U1 + U4 + U2 cos 2θ1) + αy,1 (U1 + U4 − U2 cos 2θ1)
+ αxy,1 (U2 sin 2θ1)]
NTy = t∆T [αx,1 (U1 + U4 + U2 cos 2θ1) + αy,1 (U1 + U4 − U2 cos 2θ1)
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xy = 0 for this design
case. The simplified expressions for the thermal expansion coefficients of Eqs. 4.36 and
4.37 are then substituted into Eq. 4.41 resulting in the following expression in terms of
the thermal expansion coefficients in the fibre and transverse directions, α1 and α2.
NTx = N
T
y = t∆T [U1 (α1 + α2) + U4 (α1 + α2) + U2 (α1 − α2)] (4.42)





(α1 + α2) ∆T, αB =
1
2
(α1 − α2) ∆T (4.43)
Finally, substitution of Eq. 4.43 into Eq. 4.42 results in an expression for the thermally




y =2t [U1αA + U4αA + U2αB] (4.44)
Thermal Moments





to develop simplified expressions using stiffness invariants and lamination parameters.
































∆T (Q¯16,2αx,2 + Q¯26,2αy,2 + Q¯66,2αxy,2)(t
2 − 02)
(4.45)
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∆T [αx,1 (U4 − U1 − U2 cos 2θ1 − 2U3 cos 4θ1)




∆T [−αx,1 (U4 − U1 − U2 cos 2θ1 − 2U3 cos 4θ1)




∆T [αx,1(−U2 sin 2θ1 − 2U3 sin 4θ1) + αy,1(−U2 sin 2θ1 + 2U3 sin 4θ1)
− αxy,1(2U5 − 2U3 cos 4θ1)]
(4.47)
This demonstrates that MTx = −MTy for this design case. Equations 4.36 and 4.37 are





∆T [U1 cos 2θ1 (α2 − α1) + U4 cos 2θ1 (α1 − α2)− U2 cos 2θ1 (α1 + α2)




∆T [2U3 cos 2θ1 sin 4θ1(α2 − α1)− U2 sin 2θ1(α1 + α2)
+ 2U3 sin 2θ1 cos 4θ1(α1 − α2)− 2U5 sin 2θ1(α1 − α2)]
(4.48)
Finally, substitution of Eq. 4.43 into Eq. 4.48 results in expressions for the thermally
induced moments in terms of ply thickness, stiffness invariants, lamination parameters
and thermal expansion properties.
MTx = t









2[−U2 sin 2θ1αA − 2U3 sin 2θ1αB − 2U5 sin 2θ1αB]
= t2[−U2ZB3 αA − 2U3ZB3 αB − 2U5ZB3 αB]
(4.49)
Combining Thermal Forces and Moments with Stiffness Matrices




xy need to be calculated to model the
thermal properties for this design case, and with expressions developed in terms of
the ply thickness, stiffness invariants, lamination parameters and thermal expansion
coefficients, the three terms can be added to Eq. 4.30 in the same format.
[








= [U ] [Z] [K] [T ]
(4.50)
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where the additional matrix K is added containing the thermal expansion coefficient
















1 0 0 0 0 0 1 0 0 0 2 0 0 −2ZB1 0 0
0 0 0 0 ZB1 Z
B
3 /2 0 0 0 0 0 2 −2ZB1 0 −2ZB3 0
ZA2 −ZA2 ZA4 −ZA2 0 0 ZD2 −ZD2 ZD4 −ZD2 0 0 0 −4ZB1 0 −4ZB3
0 1 0 0 0 0 0 1 0 0 2 0 0 2ZB1 0 0
0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 −4ZB3

(4.52)
and the T matrix is extended for the ply thickness components of Eqs. 4.44 and 4.49.
[T ] = diag
[
2t 2t 2t 2t −t2 −t2 23 t3 23 t3 23 t3 23 t3 t 12 t2 12 t2
]
(4.53)
4.3.3 Extension to the n-ply Design Case
This section extends the modelling of the two-ply layup considered so far to any number
of plies, and to nonuniform thicknesses between plies. The full geometry considered in
this section is shown in Fig. 4.3 where there are n plies in the top half of the laminate
mirrored about the midplane as defined by the design rules of Section 4.2.2.
Figure 4.3: n-ply laminate geometry with variable ply thickness.
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Each ply is defined in terms of a single ply thickness t with a factor Ci for each ply
used to introduce nonuniform thickness. The out-of-plane distance to the top of the
i-th ply from the midplane is denoted Eit.
Of the matrices U , Z, K and T of Eq. 4.50, only the matrices Z and T vary as
U and K are composed of stiffness and thermal properties which are material depen-
dent only. For the matrix Z the lamination parameters must be evaluated for the
laminate geometry of Fig. 4.3. Derivation of those terms known to be non-zero for this
cross-symmetric case can be found in Appendix B.4, and are expressed in their simplest
form below.




i=1(Ei − Ei+1) cos 4θi 0
∑n
i=1(Ei − Ei+1) sin 4θi
]






















i − E3i+1) sin 4θi
] (4.54)
At this point it is noted that, due to the way the ply thicknesses have been defined,
the ply thickness terms in Eq. 4.54 are the same as those in Eq. 4.27 for the two-ply
case. The thickness factors are therefore taken out in exactly the same way as for Eq.













These lamination parameters are then substituted into the matrix Z, replacing the
equivalent two-ply terms. The final step is to address the 1’s and 2’s in the Z matrix.
With reference to Eqs. 4.28 and 4.44 these terms represent the total thickness terms,
H, H3 and 2H. Following the geometry of Fig. 4.3, these terms are replaced by E1,
E31 and 2E1 to give the following final form.
[Z] =

E1 0 0 0 0 0 E
3
1 0 0 0 2E1 0 0 −2ZB1 0 0
0 0 0 0 ZB1 Z
B
3 /2 0 0 0 0 0 2E1 −2ZB1 0 −2ZB3 0
ZA2 −ZA2 ZA4 −ZA2 0 0 ZD2 −ZD2 ZD4 −ZD2 0 0 0 −4ZB1 0 −4ZB3
0 E1 0 0 0 0 0 E
3
1 0 0 2E1 0 0 2Z
B
1 0 0
0 0 0 E1 0 0 0 0 0 E
3
1 0 0 0 0 0 −4ZB3

(4.56)
Using this n-ply version of the Z matrix, Eq. 4.50 is now valid for calculating the A, B,




xy for this extended case.
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4.3.4 Reduced Number of Displacement Coefficients
For a laminate with two stable shapes of equal and opposite magnitude the number
of shape coefficients used to define the strains of Eq. 4.4, and subsequently the dis-
placements of Eq. 4.5, is unnecessarily high. By considering the rotational symmetry
of the two shapes it can be shown that they can be defined in terms of a single set of
coefficients, and that this set can be reduced to 11 unique terms from the existing 14.
Defining the Second Stable State in Terms of the First
Figure 4.4 shows the two stable shapes of a [-30/60]T laminate adhering to the de-
sign rules. The two shapes have curvatures and displacements of equal magnitude at
differing orientations. By rotating the first shape (a) by 90◦ in the x-y plane and invert-
ing the out-of-plane displacements, the second shape (b) is obtained. We can therefore
make comparisons between the displacements in each stable state at positions 90◦ apart.
Figure 4.4: Two room-temperature shapes of a square [-30/60]T laminate; (a) state 1
and (b) state 2.
The magnitude of out-of-plane displacement at some arbitrary point A in state 1 must
be equal to the magnitude of out-of-plane displacement (with opposite out-of-plane
direction) at a point B in state 2, rotated by 90◦ from point A.
w1,A = −w2,B (4.57)
where the subscript number denotes the associated state and the letter denotes the
spatial location. If point A is at a position x = xA, y = yA then point B is at a position
x = yA, y = −xA. Substitution of these values and the displacement relationship of




















This relationship must be true for all values of x and y. This requires that each
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spatially dependent component of Eq. 4.58 must be equivalent. Therefore, the following
relationships can be stated.
a1 = −b2, b1 = −a2, c1 = c2 (4.59)
Similarly, the in-plane displacements can be compared at points A and B. Due to the
rotational symmetry between the two shapes, the displacement in the x-direction, u0, at
point A in state 1 must be equal in magnitude (with opposite sign) to the displacement
in the y-direction, v0, at point B in state 2. Equally, u0 at point A in state 1 must be






Substituting the displacement expressions of Eq. 4.5 and the shape coefficient relation-
ships of Eq. 4.59 into Eq. 4.60 results in the following expressions,




































































































































These relationships must be true for all values of x and y. This requires that each spa-
tially dependent component of Eq. 4.61 and of Eq. 4.62 must be equivalent. Therefore,
the following relationships can be stated.
d1,1 = d5,2, d2,1 = d8,2, d3,1 = −d7,2, d4,1 = d6,2
d5,1 = d1,2, d6,1 = d4,2, d7,1 = −d3,2, d8,1 = d2,2
d9,1 = −d9,2, d10,1 = −d11,2, d11,1 = −d10,2,
(4.63)
From Eqs. 4.59 and 4.63, it follows that the second stable shape can be defined entirely
in terms of the shape coefficients used to define the first stable shape. This property
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means that only a single solution needs to be extracted from Eq. 4.12 to define the two
cylindrical shapes.
Reduced Set of Coefficients to Define a Single Shape
Extensive modelling of the family of laminates described in this chapter has highlighted
that the number of shape coefficients used to define a single stable shape is unnecessarily
high. To demonstrate that the number of unique coefficients can be reduced, a second
condition for the laminate shown in Fig. 4.4 is considered. Due to the rotational
symmetry of the laminate it is clear that the change in u0 between states 1 and 2 at
point A must be equal in magnitude to the change in v0 between states 2 and 1 at
point B. Similarly, the change in v0 between states 1 and 2 at point A must be equal
in magnitude to the change in u0 between states 2 and 1 at point B:
u01,A − u02,A = v02,B − v01,B
v01,A − v02,A = u02,B − u01,B
(4.64)
Substitution of Eq. 4.5 into Eq. 4.64, using the relationships found in Eq. 4.63, results
in expressions in terms of state 1 shape coefficients only. For this expression to be true
for all values of x and y, defining the position of point A, the following equalities must
be true for both stable states:
d2 = d8, d4 = d6, d3 = −d7 (4.65)
Substitution of Eq. 4.65 into Eq. 4.4 results in the following simplified form for the
midplane strains:
0x = d1 + d2x
2 + d3xy + d4y
2
0y = d5 + d4x
2 − d3xy + d2y2
(4.66)
Significantly, this reduction in the number of required displacement coefficients reduces
the number of unknowns in Eq. 4.12 from the existing 14 to 11. This reduction in the
complexity of the system of equations simplifies the derivation of an analytical solution
outlined in the following sections.
4.3.5 Simplified Total Strain Energy Equation
With the simplifications outlined in Sections 4.3.1 - 4.3.4, the complexity of the total
strain energy equation, obtained by expansion of Eq. 4.10, can be greatly reduced.
Substitution of the reduced form of the A, B and D matrices of Eq. 4.29, the reduced
number of thermal terms of Eqs. 4.44 and 4.49, and the reduced number of shape coef-
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ficients of Eq. 4.66 into Eq. 4.10 results in the simplified form of W shown in Appendix
B.5.
Each term of the reduced energy equation of Appendix B.5 contains either stiffness
matrix terms or thermal force or moment terms which have previously been defined
in matrix form in Eq. 4.50. Furthermore, each of these terms appears linearly and
independently, with only the shape coefficients appearing nonlinearly. Given this form
of the energy equation it is a simple extension to the matrix formulation to express W
in the following form
W = [U ][Z][K][T ][X][L] (4.67)
where X is the matrix containing all of the shape coefficient terms of Eq. B.31, and
can be found in full in Appendix B.6, and L contains the different edge length terms







4.4 An Analytical Solution for Bistable Laminate Shapes
With the total strain energy equation in the reduced form of Eq. 4.67 a simplified set
of equilibrium equations can be derived. This is done by differentiating the matrix
X with respect to each of the remaining shape coefficients resulting in the following
system of equations,
fi = [U ] [Z] [K] [T ] [X]i [L] , i = 1...11 (4.69)
where the subscript i denotes the i-th equation of the system. The full form of these
equations can be found in Appendix B.7.
Prior to attempting to find an analytical solution to the set of equations, two oberser-
vations are made. Firstly, the matrices U , Z, K, T and L are identical for all 11
equations. Only the matrices of shape coefficients Xi vary. Secondly, regarding the
form of the equations fi of Eq. B.33, there are many repeated terms common to more
than one equation. For example there are many terms common to both f5 and f7.
With these two observations it is simple to take advantage of the matrix formulation
of the equations and greatly reduce the length of the set of equations by Gaussian
elimination. As the matrices U , Z, K, T and L are based entirely on fixed values
defining the laminate composition we do not need to worry about simplifying them.
The aim is to make the matrices Xi as simple as possible to allow an analytical solution
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to be derived. By adding and subtracting multiples of different rows of Eq. 4.69 to each
other a greatly reduced form of the 11 equations is obtained, resulting in a much more
manageable system to solve. This reduced system can be found in Appendix B.8.
With the equations in this simpler form a third observation is made. The shape coeffi-
cients d1,2,3,4,5,9,10,11 (redefined as e1−8 in Appendix B for convenience) which define the
in-plane displacements appear independently of each other throughout the 11 equations
and only ever appear as linear terms. However, the equations are not linear with re-
spect to the remaining shape coefficients a-c which define the out-of-plane displacement,
Eq. 4.1. As the equations are linear with respect to all but 3 of the shape coefficients it
is possible to reduce the system to just 3 equations and 3 unknowns, a, b and c. This
is done by first rearranging one of the equations in terms of e1 and substituting it into
the remaining 10 equations. This process is repeated until three equations in terms of
a, b and c remain. These final three equilibrium equations, denoted fa−c, can be found
in Appendix B.9.
The remaining three equations are nonlinear and this leads to multiple solutions hence
the bistability. The involved process of solving the nonlinear system is performed using
symbolic computing for all possible solutions. By rearranging fc into an expression for
c in terms of a and b, two solutions are identified which correspond to the two cylin-
drical configurations. These expressions are then substituted into fb and the process is
repeated to obtain expressions for b in terms of a. Finally, the expressions for both b
and c are substituted into fa and two possible expressions for a are obtained in terms of
U , Z, K, T and L only. The final expressions for each of the out-of-plane displacement
coefficients can be found in Appendix B.10. In-plane displacement coefficients are not
stated in full here but can easily be computed by substituting the expressions for a, b
and c into Eq. 4.69.
4.5 Application to General Cases
The analytical solution to the existing modelling formulation presented in this chapter
provides a fast and robust method of calculating bistable laminate shapes, ideal for op-
timisation of the design where shapes must be evaluated at many iterations. However,
this solution is only applicable to laminates adhering to the design rules outlined in
Section 4.2.2. While this simplified geometry was selected based on knowledge of the
bistable design space, it is acknowledged that this will not cover all laminate configu-
rations which may be considered for practical applications. For example, rectangular
laminates may be desirable in certain cases, and no method of actuation has been con-
sidered to this point. Despite these cases having not been considered in this chapter
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the new modelling formulation does go a long way towards solving these problems.
As stated earlier, the primary concern with solving the existing modelling formulation
is the difficulty in obtaining a suitable initial guess, resulting in slow convergence to
a solution or failure to capture the stable shapes. With the exact analytical solution
derived in this chapter, a method of finding a close initial guess by considering a similar
design case has been developed. For example, to calculate the shapes of a rectangular
laminate which adheres to the remaining 3 design rules of Section 4.2.2, it is convenient
to obtain an exact solution for the equivalent square case and use it as a very close
initial guess for the rectangular case. An iterative method can then be employed to
obtain the exact solution. This concept will be discussed further where appropriate
later in this work.
4.6 Concluding Remarks
This chapter has outlined the derivation of a novel modelling formulation to calculate
the stable shapes of bistable laminates with cross-symmetric layups. This work is based
on an existing model [24] which deals with fully general stacking sequences. While the
model is successful in capturing the multiple equilibria within the system, the complex-
ity of the governing equations requires an iterative solution method to identify these
solutions. Having identified that the fully general layup is not necessary for bistable
design, a simplified laminate configuration has been proposed which allows many mod-
elling simplifications to be made. With these simplifications, an analytical solution to
the existing modelling case has been derived.
The derivation of an analytical solution to modelling has provided an analysis tool
which is ideal for optimisation of laminate composition. With a fast and robust method
of identifying all stable solutions, the model can be used to evaluate the characteristics
of a laminate at many design iterations. Furthermore, with explicit equations defining
the laminate displacements, no initial guess is required removing the need for prior
knowledge of the solution. For analysis of a single laminate design the need for a rea-
sonable approximation of the laminate shape is not a significant issue as an intuitive
estimate can be used to iterate towards the exact solution. However, in an optimisation
routine where the design is constantly being updated, obtaining a close approximation
of the shape is more difficult. Furthermore, when analysing many hundreds of designs
within a single optimisation routine the computation time is vastly reduced by having
an explicit set of equations to define the shapes. It has also been observed that when a
laminate of this family is bistable one stable shape can be defined entirely in terms of
the coefficients used to define the opposite stable shape, meaning only a single solution
needs to be extracted to model the bistable behaviour.
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While the simplifications made to the laminate composition have been selected to
enhance the bistable characteristics and to avoid restricting the desgin space in a pro-
hibitive way, it has been acknowledged that this modelling formulation will not cover
all laminate designs which may be considered. For example no actuation methods have
been considered to this point. However, for such extended cases this modelling formu-
lation does overcome the main hurdle which is obtaining a close initial guess.
The modelling outlined in this chapter has met the objective of providing a design
tool which is suitable for use in an optimisation methodology. However, further analy-
sis of the model is proposed before applying it to a design problem. It has been stated
that the accuracy of the existing model has been examined experimentally and using
FEA [24, 26, 84]. However, the sensitivity of the model to changes in the many design






In this chapter the sensitivity of the derived model to imperfections and uncertainties
is investigated via experimental and analytical studies. Section 5.1 details an experi-
mental study to map the surface profiles of a series of arbitrary layup laminates using
a three-dimensional motion analysis technique. Results are presented to compare the
experimentally observed shapes with those predicted using the analytical model, includ-
ing a quantitative discussion of the observed errors in thermally induced displacements.
Section 5.2 presents a discussion on sources of uncertainty within the model, including
material and geometric properties, manufacturing accuracy, and environmental condi-
tions. Limitations of the model related to free edge characteristics are also discussed.
Sources of uncertainty which cannot be controlled via improved manufacturing pro-
cesses are identified and examined further in Section 5.3 in an analytical study of the
modelling sensitivities. It is concluded that while the existing modelling technique is
successful in accurately predicting room-temperature shapes, the sensitivity of solutions
to imperfections is significant.
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5.1 Experimental Characterisation of Laminate Shapes
This section outlines the experimental work conducted with the aim of characterising
the shapes of a series of bistable asymmetric laminates with arbitrary layup for com-
parison with shapes predicted by the analytical modelling methods. This was achieved
through a three-dimensional motion analysis technique [70] to map the surface profiles.
5.1.1 Laminate Manufacture
The experimental study considered five carbon fibre/epoxy composite laminates of
differing asymmetric layup: [-45/45]T, [-30/60]T, [-15/75]T, [30/60]T, and [45/90]T,
the first three of which meet the design rules of Section 4.2.2, while the remaining
two require the iterative modelling approach of Section 4.1. These layups were chosen
to provide a range of laminate shapes with differing magnitudes of displacement and
angle of principal curvature. All laminates consisted of two plies, each with a thickness
of 0.25mm and a square edge length of 150mm. The manufacturing process was a
standard layup procedure using M21/T800 carbon fibre prepreg sheet, Table 5.1.
Table 5.1: M21/T800 prepreg sheet properties [47].
Property Value
Longitudinal Young’s modulus, E11 (GPa) 157.0
Transverse Young’s modulus, E22 (GPa) 8.5
Poisson’s ratio, ν12 0.35
Shear modulus, G12 (GPa) 4.5
Longitudinal thermal expansion coefficient, α1 (×10−6/◦C) -0.09
Transverse thermal expansion coefficient, α2 (×10−6/◦C) 30.0
The laminates were run through a standard autoclave cure cycle with a maximum cure
temperature of 180◦C and a pressure of 0.69MPa. Upon cooling to room-temperature,
all five manufactured laminates were observed to have two stable states of curvature.
Since the laminate is placed on a flat metallic surface within the autoclave, the side in
contact with the surface has a smooth finish while the opposite side has a thin layer of
resin which bleeds from the top ply and cures on the surface. Cylindrical shapes with
this rough resin layer on the concave surface are denoted as state I while those with
the resin layer on the outside convex surface of the cylinder are denoted state II. The
effect of this resin layer is discussed later.
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5.1.2 Displacement Characterisation
Experimental analysis of the two stable shapes of each of the five laminates was per-
formed to measure the out-of-plane displacement of the laminates. This was carried
out using standard three-dimensional motion analysis techniques to gain a map of co-
ordinates distributed on the laminate surfaces. Each laminate had 145 round coloured
labels of 8mm diameter attached to one surface, see Fig. 5.1a.
Figure 5.1: (a) Round labels distributed on the surface of a square [45/90]T laminate
and (b) an example of the experimental camera setup.
Three digital video camera recorders (Sony DCR-TRV 900E, Sony Corporation, Japan)
operating at 50 fields per second were set up in an umbrella configuration [70] around
the experimental area. Camera 1, Fig. 5.1b, was always positioned to view this area
from a high position (the centre of the lens positioned 2.19m away from the origin
of the experimental area at a height of 1.86m). Due to differences in the shapes of
the laminates, the other two cameras were moved such that the best possible viewing
angle was always achieved without compromising the umbrella configuration. In total,
six different camera setups were required to capture the 10 different laminate shapes.
The other two cameras had the centre of lens ranging from 1.63 to 2.71m away from
the origin in different setups with the height ranging from 0.51 to 1.32m above the
experimental area. The height and locations of cameras varied in such a way that the
cameras were not all in the same plane in accordance to recommendations by Nigg et
al. [70]. The angle between the cameras ranged from 55 to 105◦ with a mean angle
between the three cameras varying from 77 to 92◦ in different setups.
The laminates were positioned within the experimental volume, which was calibrated
with a 20×20×10mm wire frame. The camera views were restricted to a volume just
slightly larger than the calibration frame. The wire frame was videotaped in each cam-
era setup before it was removed and the laminate was positioned within this calibrated
volume. Following this, the laminates were videotaped simultaneously by the three
video cameras.
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Mapping of the surface coordinates was carried out using PeakMotus motion analysis
system (v. 8.5, Vicon, USA). First, the eight corners of the calibration wire frame were
manually digitised from each camera view (and for each camera setup). Then, the
centre of each of the 145 round labels and the 4 corners of the each laminate were
manually digitised from all three camera views using a round cursor matching the size
of the round labels. The digitised area was 1440×1152 pixels.
Due to the curved shape of the laminates, it was not always possible to see every
label or corner point of the laminate from all cameras. The minimum requirement to
get a three dimensional coordinate is that the point is visible for at least two cameras,
which was the case for all points. For most laminates, all the points were visible for
all three cameras. In those occasions when all points were not visible, the maximum
number of non-visible points was five in one view. The digitised pixel information from
each camera view was combined with the calibration information to transform these
to Cartesian co-ordinates of the laminate surfaces using Direct Linear Transformation
method [1]. The mean of the root mean square (RMS) error of six different setups
between the known eight calibration coordinates and the respective digitised points
was 0.2mm for each coordinate direction.
5.1.3 Results
The measured Cartesian coordinates of each of the ten laminate shapes were three-
dimensionally rotated to match the coordinate system defined for the analytical model
using Matlab. This was because the experiments were set up in such a way to capture
the most data points of laminates, each of which has different three-dimensional curva-
tures. The centre of both laminates was then set to [0,0,0] such that the z-coordinates
of the experimental points represent the out-of-plane displacements of the laminate and
the lines of symmetry in the curvatures were aligned to determine the angle of rotation
about each of the three axes. Surface fitting was applied to the transformed data using
the method outlined in [88]. This spline interpolation method fits a surface of the
form z = f(x, y) to the nonuniformly spaced data and interpolates this surface at the
uniformly specified mesh grid points. The fitted surface is then plotted alongside the
shape predicted by the analytical model. An example plot of state I of the [-45/45]T
laminate is shown in Fig. 5.2, including both the mesh fit and individual data points.
The surface generated using the experimental data is offset for illustrative purposes.
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Figure 5.2: Predicted room-temperature state I shape and experimental data with
spline fitted surface for a square [-45/45]T laminate. Experimental data offset.
The analytical models of the [0±θ/90±θ]T laminate family have two stable shapes of
equal and opposite curvature. For square laminates of this type, if the laminate is
inverted it can be oriented in the x-y plane such that the layup definition remains
unchanged. This results in the prediction of two identical shapes of different global
orientation. Such behaviour is observed for the [-45/45]T, [-30/60]T, [-15/75]T and
[30/60]T laminates. However, this is not the case for the [45/90]T laminate where two
stable shapes of both different angle of principal curvature and magnitude of curvature
are observed. The two observed shapes, and those predicted by modelling, are shown
in Figs. 5.3 and 5.4. Experimental data is again offset.
The analytical model and experimental shapes generally show good agreements for
all laminates studied. The [-45/45]T laminate is used as a demonstrative example
(Fig. 5.2) and is more closely examined in Figs. 5.5 and 5.6 where the curvature pro-
files in the major and minor axes, C-D and A-B respectively, are plotted. These profiles
are selected as the errors at the corners are at their maximum, as shown in Table 5.2.
As the reference point for the comparison is set at the centre of the laminates, the error
at the centre is zero. The profiles in the major axis shown in Fig. 5.5 illustrate that
the profiles for both states are smooth and the curvature deviation increases smoothly
towards the corners of the laminates. The discrepancies in the curvatures between
states are also noticeable which the analytical model does not account for.
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Figure 5.3: Predicted shapes and offset experimental data for state I shape for a square
[45/90]T laminate.
Figure 5.4: Predicted shapes and offset experimental data for state II shape for a square
[45/90]T laminate.
Figure 5.6 shows the curvature profile along the minor axis for the [-45/45]T laminate.
Here, the deflections for the analytical model show only a slight anticlastic curvature.
The experimental data show near zero deflections in the non-boundary region but
pronounced high curvatures near the boundaries. This clearly demonstrates that free
edge characteristics around the boundaries affect just over 10% of the overall dimension.
The existence of the free edge effects is well known [61] and this has not been included
in the analytical model. The free edge effects are discussed further in Section 5.2.3.
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Figure 5.5: Cross-section profile of experimental and predicted shapes for a [-45/45]T
laminate along line C-D.
Figure 5.6: Cross-section profile of experimental and predicted shapes for a [-45/45]T
laminate along line A-B.
The maximum errors at the corners for each of the ten laminate shapes at state I and
state II are summarised in Table 5.2. As the analytical model predicts the same curva-
ture for both states while each state has different curvature in practice, the difference
between the two state curvatures (II-I) are also included in Table 5.2. This discrepancy
is attributed to the thin resin layer. A layer with the properties of the cured resin [39]
is added to the analytical model and discussed further in Section 5.2.1. The percentage
error represents the predicted maximum out-of-plane displacement minus the measured
displacement. The factors contributing to the errors are examined more closely in the
following sections.
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Table 5.2: Experimental and predicted maximum out-of-plane displacements for all
tested laminates. II-I corresponds to the difference between states I and II.
Laminate State Maximum out-of-plane displacement (mm) Error (%)
Predicted Predicted Experimental Ideal Resin
(ideal) (resin)
[-45/45] I 38.05 37.25 42.69 -10.9 -12.7
II 38.05 37.99 43.39 -12.2 -12.4
II-I 0.00 0.74 0.70 1.3 0.3
[-30/60] I 35.51 34.76 38.14 -6.9 -8.9
II 35.51 35.45 41.24 -13.9 -14.0
II-I 0.00 0.69 3.10 7.0 5.1
[-15/75] I 28.55 27.95 29.29 -2.5 -4.6
II 28.55 28.50 31.67 -9.9 -10.0
II-I 0.00 0.55 2.38 7.4 5.4
[45/90] I 26.61 24.76 27.77 -4.2 -10.8
II 19.03 19.29 22.85 -16.7 -15.6
II-I -7.58 -5.47 -4.92 12.5 4.8
[30/60] I 14.63 12.56 12.77 14.6 -1.6
II 14.63 15.94 15.09 -3.0 5.6
II-I 0.00 3.38 2.32 17.6 7.2
5.2 Discussion of Sources of Modelling Uncertainty
A number of different sources are considered to contribute to the errors observed in
this experimental investigation. These include issues with the manufacturing technique
leading to an additional resin layer and uneven ply thicknesses, modelling limitations
relating to free edge characteristics, dependency on temperature change, and uncertainy
in material properties. All of these areas are discussed briefly in this section before
forming a full sensitivity investigation.
5.2.1 Effects of an Additional Resin Layer
One distinct characteristic of these results is the consistent effect of the thin resin
layer. All laminates of the [0±θ/90±θ]T family were found to have larger out-of-plane
displacement in state II than state I, with the rough resin layer on the convex sur-
face, Fig. 5.2. As this layer is not included in the analytical model the two states are
predicted to have equal magnitudes of maximum displacement. The laminate profile
of Fig. 5.5 shows that the difference in shape is not negligible between state I and II
as discussed earlier. The difference in maximum out-of-plane displacement between
states for this family of laminates was found to vary by between 0.7 - 3.1mm leading
to differences in errors between states of 1.3 - 17.6%.
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A thin layer of cured epoxy resin is added to the analytical model to quantify its effect.
This is achieved by using the analytical solution for the ideal modelling case as a close
initial guess to the imperfect laminate with the additional resin layer. Equation 4.12 is
then solved iteratively to obtain the imperfect shape. Images of the cross-section from
optical microscopy of one example laminate are used to investigate the thickness of
this additional layer [39]. It is found that far from having a uniform thickness the resin
layer varies from negligible to 0.08mm across the entire surface. A mean thickness of
0.025mm is taken to be representative of this layer and this approach has been used in
a FE model to achieve good accuracy [39].
The effect of modelling an additional resin layer is shown in Table 5.2. Where pre-
viously it had been predicted that state I and state II should have equal maximum
out-of-plane displacements, the shapes with a resin layer show the differential curva-
tures as seen in the experimental results. The state with the largest displacement agrees
with experimental results for all laminates. The differences in the predicted maximum
out-of-plane displacement between states for the [0±θ/90±θ]T family of laminates are
found to vary by between 0.7 - 3.4mm, correlating well with experimental results. This
additional layer in the model leads to differences in errors between states of 0.3 - 7.2%,
a significant improvement over the ideal model. Improvements to the manufacturing
process could greatly reduce this resin imperfection.
It is also noted that a thin layer of resin exists between the plies. This layer is observed
to be of the order of one hundredth of a ply thickness so the effect on the overall lam-
inate shape is small. Inclusion of a resin layer between plies in the analytical model
showed that a layer of one twentieth of a ply thickness is required for a 1% variation in
maximum displacement. This effect is clearly less than that of the surface resin layer,
but could be significant for a different manufacturing process.
5.2.2 Effects of Ply Thickness
For the ideal modelling predictions of the laminate shapes it is also assumed plies are
uniform both in terms of geometry and material properties. Hamamoto and Hyer [45]
previously found that slight imperfections as little as 1% in the thickness of each layer
of the laminate can cause the bifurcation behaviour to disappear and significantly affect
the temperature-curvature relationship.
Figure 5.7 shows an image of a two ply laminate section. The microscopy measurements
suggest it is reasonable to expect ±2% variation in the thicknesses of individual plies as
a result of variability during manufacturing. The effect of these potential imperfections
is investigated by modelling each of the laminates with a through-thickness profile of
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[t+2%/t-2%], where t is the ideal single ply thickness. The analytical solution for the
ideal modelling case is again used as a close approximation to the nonuniform case to
obtain the imperfect laminate shapes. This imperfection is found to lead to changes
in maximum out-of-plane displacement for the ten laminate shapes of up to ±4.6%.
Given the magnitudes of the errors in Table 5.2 this thickness effect is significant and
should be investigated further.
Figure 5.7: Microscopy image of a two-ply laminate section.
5.2.3 Free Edge Characteristics
Figure 5.6 shows the profiles of the predicted and experimental shapes along the minor
curvature A-B (see Fig. 5.2) for the [-45/45]T laminate. This trend was observed in all
laminates tested where the out-of-plane displacement is small across the central region
but increases significantly at the edges. It is well known that interlaminar stresses
increase rapidly near free edges of laminates and this leads to the high out-of-plane
displacement observed in Fig. 5.6 [61]. As the interlaminar stresses are not included
in the analytical model, this high out-of-plane displacement is only observed in the
experimental data.
In-plane stresses arises from the mismatch of thermal expansion coefficients between
plies. In order to satisfy boundary conditions at the free edges, the overall in-plane
direct stresses of the laminate must be zero. This leads to increased through-thickness
stresses along the edges of the laminate, hence the high out-of-plane displacement [68].
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It follows that the magnitude of the displacement is dependent on the ply orientations
[71]. It has been suggested that the combination of two adjacent free edge effects fur-
ther increases the displacement at the corners [68]. This free corner effect is observed
in the sudden curvature change and the peak displacement in Fig. 5.6. However, the
effect is localised and does not significantly alter the overall shape or bistable behaviour
of the laminate.
Previous work to model bistable laminates using FEA [39] has shown that the free
edge effects can be captured. Complex analytical models have also been developed to
model this behaviour [71]. However, these modelling approaches are computationally
expensive, typically require some prior knowledge of the solution, and are therefore not
well suited to optimisation.
5.2.4 Dependency on the Operating Environment
The bistable configuration arises from the anisotropic thermal expansion of the com-
posite materials, Table 5.1. As a result the dependency of the bistable laminate shapes
on the cure and ambient temperatures must be quantified. The relationship between
temperature and curvature is well documented [24] and the sensitivity can be easily
investigated using the existing analytical model. Away from the bifurcation point the
temperature-curvature relation is approximately linear. With reference to Eq. 4.1, the
three displacement coefficients defining the out-of-plane displacement of the [-45/45]T
laminate, a, b and c, are modelled to vary with temperature as shown in Fig. 5.8.
Figure 5.8: Variation in curvature with temperature for a [-45/45]T laminate.
The predicted shapes of the laminates are generated using a standard room-temperature
value of 21◦C. Any variation in temperature when obtaining the experimental data will
affect the measured curvatures. It is reasonable to assume that there is some variability
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in the quoted cure temperature of 180◦C. Equally, the room-temperature around the
experimental test area cannot be guaranteed consistent. Using the relationships shown
in Fig. 5.8, as little as 5◦C difference in the temperature change corresponds to a change
in maximum deflection of around 3% of the total deflection when compared with the
quoted modelling values. A similar magnitude was observed for all laminates. Potential
temperature dependent discrepancy is significant. This result highlights the sensitivity
of the model to physical conditions.
Other environmental effects such as moisture content [34] may also be significant in
the long term. It is widely known that epoxy resin systems typically used in the manu-
facture of composite laminates will absorb atmospheric moisture [101, 109]. This leads
to an expansion of the material which is proportional to the moisture expansion coef-
ficients [2, 14]. This moisture induced expansion relaxes the residual stresses caused
by the thermal contraction from cure to ambient temperature [104] which leads to a
reduction in the thermally induced deformations, and therefore a reduction in the en-
ergy input required for actuation.
Moisture absorption has been considered by Etches et al. [34] and Portela et al. [76]
using both finite element and analytical modelling methods. Etches et al. [34] modelled
the effect for a range of relative humidities and compared predictions with experimental
results for multiple samples. It was shown that the change in curvature with moisture
absorption is small for relative humidities of approximately 40% or less (corresponding
to 0.6% moisture content) with the variation becoming more pronounced beyond this
point. Given that the modelling formulation becomes disproportionately large to cap-
ture an effect which occurs in very restricted circumstances, the effect is omitted from
the modelling in this work. However, it is acknowledged that this may affect where a
bistable laminate could be deployed.
5.2.5 Material Properties and Manufacturing Accuracy
The final source of uncertainty considered is variability in prepreg material properties.
These variations can arise for two reasons. Firstly, some material properties required
for modelling are difficult to accurately measure, in particular the Poisson’s ratio.
Secondly, the prepreg material properties decay over time leading to variation between
specimens. A typical sample of material will have a useful ‘shelf life’ of around 30
days at room temperature prior to curing. Unlike some of the previously discussed
sources of uncertainty, this unknown element in the material characterisation cannot
be controlled by improving the manufacturing process or measuring a manufactured
sample. A more detailed investigation of the sensitivities of the modelling to material
uncertainty is presented in the following section.
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5.3 Sensitivity Analysis
The sources of uncertainty which cannot be reduced by improvements to the manufac-
turing process are the material properties, temperature dependency and ply thicknesses.
The significance of each of these areas is investigated fully in this section where the ma-
trix formulation (Eq. 4.67) of the analytical model is exploited to derive relationships
linking each individual property with the associated change in total laminate strain
energy. By this method the relative sensitivities of the model to each of the properties
can be highlighted.
5.3.1 Longitudinal Young’s Modulus
The first property considered is the longitudinal Young’s modulus of the the prepreg
material, E11. In the matrix formulation of the total laminate strain energy equation
(Eq. 4.67) only the stiffness matrix Q, a component of the stiffness invariant matrix U ,
is dependent on this property. To derive the total strain energy derivative with respect

























Equations 5.1 - 5.4 are then gathered to define the partial derivative of Q with respect













Equation 5.5 is then substituted into Eq. 4.21 to define the partial derivative of U with
respect to E11, denoted UE11 .
[UE11 ] = [QE11 ][Qcoef ] (5.6)
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Finally, Eq. 5.6 is substituted into Eq. 4.67 to define the change in total strain energy
with change in E11.
∂W
∂E11
= [UE11 ][Z][K][T ][X][L] (5.7)
This expression can then be used to demonstrate the sensitivity of the analytical model
to variation in E11. To do this a single [-30/60]T laminate layup is selected from the
experimental investigation and is modelled for values between 5% below and 5% above
the expected value of E11. This is repeated for a wide range of edge length to thickness
ratios (L/t) from 0 to 250. For each laminate composition Eq. 5.7 is used to calculate
the variation in total laminate strain energy from the benchmark value associated with
the manufacturer stated value for E11. Results are shown in Fig. 5.9.
Figure 5.9: Percentage change in total strain energy with ±5% change in E11 for a
[-30/60]T laminate. Dashed line denotes bifurcation point.
Figure 5.9 shows that the minimum change in strain energy for any given change in
E11 occurs at the bifurcation point at approximately L/t = 100. Away from the bi-
furcation point the percentage change in strain energy approaches an upper limit of
around ±3.2% for a ± 5% variation in E11.
Variation in the observed relationship with change in laminate layup is considered
by repeating this modelling process for four different cross-symmetric layups, [0/90]T,
[-15/75]T, [-30/60]T, and [-45/45]T. The results are shown in Fig. 5.10 for a -5% change
in E11. It is found that for edge length to thickness ratios away from the bifurcation
point the percentage change in total strain energy approaches the same limit of 3.2%
for all tested layups. Around the bifurcation point some variation in the results is
observed, due primarily to the variation in the location of the bifurcation point for
each layup. In all cases, the largest percentage change in strain energy occurs as L/t
becomes large.
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Figure 5.10: Percentage change in total strain energy with -5% change in E11 for four
cross-symmetric layups.
5.3.2 Transverse Young’s Modulus
The next variable considered is the transverse Young’s modulus of the prepreg material,
E22. Following the same process as in the previous section, only the matrix Q of
Eq. 4.67 varies with E22. To find the derivative of the total strain energy with respect
























Equations 5.8 - 5.11 are then gathered to form the partial derivative of Q with respect













Equation 5.12 is then substituted into Eq. 4.21 to define the partial derivative of U
with respect to E22, denoted UE22 .
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[UE22 ] = [QE22 ][Qcoef ] (5.13)
Finally, Eq. 5.13 is substituted into Eq. 4.67 to define the change in total strain energy
with respect to E22.
∂W
∂E22
= [UE22 ][Z][K][T ][X][L] (5.14)
This expression is then used to assess the sensitivity of the analytical model to variation
in E22. Figure 5.11 shows the surface plot of this relationship for the same [-30/60]T
laminate, with the change in E22 from -5% to +5% and change in L/t from 0 to 250.
Figure 5.11: Percentage change in total strain energy with ±5% change in E22 for a
[-30/60]T laminate. Dashed line denotes bifurcation point.
The basic pattern of results seen in Fig. 5.11 mirrors that for the longitudinal Young’s
modulus, Fig. 5.9. The smallest variation in strain energy for any given change in E22
is again observed to be at the bifurcation point (L/t ≈ 100), with increasing variation
for low or high geometric ratios. However, the absolute values are significantly higher
than for E11, with a maximum variation in strain energy of approximately 8.2%. This
suggests that accurate estimation of the transverse Young’s modulus is of higher sig-
nificance than the longitudinal value.
This sensitivity analysis is again repeated for four example cross-symmetric layups.
The pattern of results is seen to follow the same trend as for variation in E11, with all
layups tending to the same absolute variation in total strain energy for high ratios of
L/t. Again, some variation in results is observed around the bifurcation point for each
laminate layup.
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5.3.3 Poisson’s Ratio
The significance of the Poisson’s ratio of the material ν12 is now considered. This
property is particularly difficult to characterise experimentally for carbon fibre/epoxy
laminates [49], as typical measurement methods are not suited to the small diameter,
fibre-like material. Therefore, understanding the sensitivity of the model to this param-
eter is of particular importance. To derive this relationship, each term of the matrix











































Equation 5.19 is then substituted into Eq. 4.21 to define the partial derivative of U ,
denoted Uν12 .
[Uν12 ] = [Qν12 ][Qcoef ] (5.20)
which is finally substituted into Eq. 4.67 to define the change in total strain energy
with respect to ν12.
∂W
∂ν12
= [Uν12 ][Z][K][T ][X][L] (5.21)
This expression is then used to assess the sensitivity of the model to variation in ν12.
Figure 5.12 shows the surface plot of this relationship for the [-30/60]T laminate, with
the change in ν12 from -5% to +5% from the manufacturer quoted value, and change
in L/t from 0 to 250.
The pattern of results seen in Fig. 5.12 shows some distinctly different features than
for the longitudinal and transverse Young’s moduli. In this case the smallest varia-
tion in total strain energy is not observed to be at the bifurcation point, but rather
for lower edge length to thickness ratios. This variation increases as the ratio tends
towards the bifurcation point before slowly approaching a limit value for high values
of L/t. More significantly however, this limiting value is considerably smaller than for
the previously considered properties. For a ±5% change in ν12 only a ±0.6% variation
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in total strain energy is observed. Having stated that the Poisson’s ratio is particularly
difficult to characterise experimentally, it is significant to note than large uncertainty
in this property will not significantly affect the analytical model.
Figure 5.12: Percentage change in total strain energy with ±5% change in ν12 for a
[-30/60]T laminate. Dashed line denotes bifurcation point.
As with the Young’s modulus variation, the pattern of results is found to not vary
significantly with layup for cross-symmetric stacking sequences. All laminates are found
to tend towards to the same level of strain energy variation for high L/t, with small
variation around the bifurcation point.
5.3.4 Shear Modulus
The shear modulus of the material G12 is the final property whose variation is limited
to the matrix Q. Furthermore, it only appears in a single term of the matrix Q, leading
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Equation 5.26 is then substituted into Eq. 4.21 to give the partial derivative of U ,
denoted UG12 .
[UG12 ] = [QG12 ][Qcoef ] (5.27)
which is finally substituted into Eq. 4.67 to define the change in total strain energy
with respect to G12.
∂W
∂G12
= [UG12 ][Z][K][T ][X][L] (5.28)
This expression is then used to assess the sensitivity of the model to variation in G12.
Figure 5.13 shows the surface plot of this relationship for the [-30/60]T laminate, with
the change in G12 from -5% to +5% from the manufacturer quoted value, and change
in L/t from 0 to 250.
Figure 5.13: Percentage change in total strain energy with ±5% change in G12 for a
[-30/60]T laminate. Dashed line denotes bifurcation point.
The pattern of results seen in Fig. 5.13 is different to that seen for the previous material
properties. As the ratio L/t tends to small or large values, the variation in total
strain energy with G12 approaches zero. Only around the bifurcation point does the
property have any significant effect on the analytical model. This suggests that for
laminates which are comfortably within the bistable region, accurate estimation of the
shear modulus is of little importance. However, when defining the boundary between
monostable and bistable designs, the shear modulus becomes more significant. Even
in this case, the variation in total strain energy with G12 is small. The maximum
variation oberved for ±5% change in G12 is approximately ±0.6%, similar to that for
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the Poisson’s ratio and an order of magnitude smaller than the transverse Young’s
modulus.
When considering this relationship for different cross-symmetric laminates, some vari-
ation is observed. As with the [-30/60]T laminate, the variation in total strain energy
with G12 is seen to tend towards zero for small and large values of L/t for all lami-
nates. However, each laminate has a slightly different bifurcation point and a different
maximum variation in strain energy is observed in each case. This value remains small
for all stacking sequences, with the lowest variation observed for the [0/90]T laminate,
increasing to a maximum for the [-45/45]T laminate.
5.3.5 Longitudinal Thermal Expansion Coefficient
The next property considered is the thermal expansion coefficient in the fibre direction,
α1. With reference to Eq. 4.67, the only component of the analytical model which
varies with this property is the matrix K. Therefore, the partial of derivative of K












where the factors αA1 and αB1 are defined as follows.




Equation 5.29 is then substituted back into Eq. 4.67 to define the change in the total
strain energy of the laminate with respect to change in α1.
∂W
∂α1
= [U ][Z][Kα1 ][T ][X][L] (5.31)
This expression is then used to assess the sensitivity of the model to variation in α1.
Figure 5.14 shows the surface plot of this relationship for the [-30/60]T laminate, with
change in α1 from -5% to +5% from the manufacturer quoted value, and change in L/t
from 0 to 250.
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Figure 5.14: Percentage change in total strain energy with ±5% change in α1 for a
[-30/60]T laminate. Dashed line denotes bifurcation point.
Figure 5.14 shows that the variation in total strain energy with α1 follows a very similar
pattern to that for ν12. The smallest variations are observed for low edge length to
thickness ratio with a smooth increase through the bifurcation point. Beyond the
bifurcation point the variation tends to an upper limit of around ±0.13% for a ±5%
change in α1. This represents the smallest variation observed for any of the design
variables and suggests that accurate estimation of α1 is of little importance. This
pattern is observed for all cross-symmetric laminates. With reference to Table 5.1, α1
is two orders of magnitude smaller than the corresponding transverse thermal expansion
coefficient α2. It is therefore unsurprising that this property does not significantly affect
the analytical model.
5.3.6 Transverse Thermal Expansion Coefficient
Having shown that the longitudinal thermal expansion coefficient has little effect on
the analytical model, the larger transverse coefficient α2 is considered. Once again,
only the matrix K varies with thermal properties so the partial derivative with respect
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Equation 5.32 is then substituted back into Eq. 4.67 to define the change in the total
strain energy of the laminate with respect to change in α2.
∂W
∂α2
= [U ][Z][Kα2 ][T ][X][L] (5.34)
This expression is used to assess the sensitivity of the model to variation in α2. Figure
5.15 shows the surface plot of this relationship for the [-30/60]T laminate, with the
change in α2 from -5% to +5% from the manufacturer quoted value, and change in L/t
from 0 to 250.
The results in Fig. 5.15 show a distinctly different pattern than for α1. The small-
est variation in total strain energy is found at the bifurcation point with increases as
the L/t tends to either small or large values. The largest variation is observed as L/t
becomes large, with a maximum value of approximately ±10.1% for a ±5% change
in α2. This is the highest variation observed for any of the material properties, and
is observed in all cross-symmetric laminates. However, the thermal expansion coeffi-
cients, and in particular the transverse coefficient, can be characterised experimentally
to a high degree of accuracy [9]. Assuming that the material has not degraded prior
to manufacture, errors in the quoted material property will be an order of magnitude
smaller than the limit considered in this study. Of greater concern is variation in the
ambient temperature, considered in the following section.
Figure 5.15: Percentage change in total strain energy with ±5% change in α2 for a
[-30/60]T laminate. Dashed line denotes bifurcation point.
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5.3.7 Temperature Change from Cure
All design variables considered to this point have been material properties. These val-
ues are determined experimentally and the level of uncertainty in the model can be
controlled by accurate characterisation of each property. In this section the change in
temperature from cure to ambient ∆T is considered as a variable. Two aspects of con-
sideration here are accurate measurement of the maximum temperature experienced
during the cure cycle, and variation in the ambient temperature for different opera-
tion conditions. To determine the sensitivity of the model to temperature the partial
















(α1 + α2) , αB∆T =
1
2
(α1 − α2) (5.36)
Equation 5.35 is then substituted back into Eq. 4.67 to define the change in the total
strain energy of the laminate with respect to change in ∆T .
∂W
∂∆T
= [U ][Z][K∆T ][T ][X][L] (5.37)
This expression is used to assess the sensitivity of the model to variation in ∆T . Fig-
ure 5.16 shows the surface plot of this relationship for the [-30/60]T laminate, with the
change in α2 from -5% to +5% from the manufacturer quoted value, and change in L/t
from 0 to 250.
Figure 5.16 shows that the minimum variation in strain energy occurs around the
bifurcation point, with maximum variation occurring for large edge length to thickness
ratios. The maximum variation observed for a ±5% change in ∆T is approximately
±10%, observed for all cross-symmetric laminates. This highlights that accurate values
for the change in temperature are vital for accurate modelling of the laminate shapes.
Given that the curvatures are entirely thermally induced, this result is expected.
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Figure 5.16: Percentage change in total strain energy with ±5% change in ∆T (cure
to ambient) for a [-30/60]T laminate. Dashed line denotes bifurcation point.
All modelling presented in this work assumes a cure temperature of 180◦C as quoted
by the manufacturer [47]. This value can be controlled to a high degree of accuracy
in the manufacturing process so little variation is expected. Therefore the ambient
temperature is the critical value. The worst case considered in this study (±5% error)
corresponds to approximately an 8◦C variation in temperature. While the ambient
temperature can clearly be controlled well within this limit, this result does demonstrate
that variation in operating conditions must be considered in the modelling.
5.3.8 Ply Thickness
The final property considered in this sensitivity analysis is the single ply thickness, t.
This property only appears in the matrix T of Eq. 4.67. The partial derivative of T
with respect to t, denoted Tt, is therefore considered as follows.
[Tt] = diag
[
2 2 2 2 −2t −2t 2t2 2t2 2t2 2t2 1 t t
]
(5.38)
Equation 5.38 is then substituted into Eq. 4.67 to give the following expression for the
change in total strain energy with variation in t.
∂W
∂t
= [U ][Z][K][Tt][X][L] (5.39)
This expression is illustrated in Fig. 5.16 for the [-30/60]T laminate, with variation in t
of -5% to +5% from the manufacturer quoted value, and change in L/t from 0 to 250.
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Figure 5.17: Percentage change in total strain energy with ±5% change in t for a
[-30/60]T laminate. Dashed line denotes bifurcation point.
Figure 5.17 shows that the maximum variation in strain energy (±8%) is found at the
bifurcation point, decreasing as L/t tends to a large value. This lower limit is observed
to be approximately ±5% for all cross-symmetric laminates. Accurate characterisation
of t depends on two factors. Firstly, the thickness of the material prior to manufacture,
which can be obtained through microscopy techniques. Secondly, the effect of the layup
process. Provided that this process is suitably repeatable, little variation is expected
due to manufacturing. It is therefore expected that the relatively high variations seen
in Fig. 5.17 can be negated by manufacturing quality control.
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5.4 Concluding Remarks
This chapter has outlined a novel experimental study to characterise the shapes of a
series of cross-symmetric layups. The results of this study have been compared to pre-
dictions made using the analytical model outlined in the previous chapter. Based on
these results, a number of areas of uncertainty within the model have been identified,
including edge effects, laminate geometry, material properties, manufacturing process
and operating environment. These areas have been the focus of a sensitivity analysis
to assess the suitability of the analytical model for defining the profiles of the deformed
laminates shapes.
The experimental study aimed to characterise the room-temperature shapes of a series
of laminates ([-45/45]T, [-30/60]T, [-15/75]T, [30/60]T and [45/90]T) through standard
three-dimensional motion analysis techniques. The mean of the RMS error for all lami-
nates was 0.2mm. The results of this study were used to compare cross-sectional profiles
and maximum out-of-plane displacement values with modelling predictions, with up to
16.7% error in displacement values.
The experimental results identified a number of sources of uncertainty. Cross-sectional
profiles highlighted that different magnitudes of curvature can be seen for two oppo-
site stable shapes, where modelling predicts two equal and opposite shapes. This was
attributed to a thin resin layer which occurs on the laminate surface during the manu-
facturing process. Inclusion of this layer in the analytical model reduced errors between
states from 17.6% to 7.2%. Areas of localised deformation were also observed along the
laminate edges, attributed to the well known edge effects.
The remaining discrepancies between the experimental results and modelling predic-
tions are considered to be the result of inaccuracies in material properties and variation
in the thermal conditions. A sensitivity analysis of the model with respect to each of
these properties was conducted to highlight the importance of accurate estimation
of each variable. The results of this study are summarised in Table 5.3 where the
maximum variation in strain energy for ±5% change in design variable is stated for a [-
30/60]T laminate. These results were found to be representative of all cross-symmetric
laminates.
Of the material properties considered in this study the most significant variables in
the model are clearly α2, E22 and to a lesser extent E11. Thermal properties can be
characterised experimentally to a high degree of accuracy [9], while the Young’s mod-
uli are based on simple stress-strain behaviour. Therefore, little inaccuracy in these
properties is expected and the high variations in the modelling should not be observed
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in practice. Only negligible effects are observed for ν12, G12 and α1. Some variation in
the quoted values of ν12 is expected as the property is difficlut to determine for carbon
fiber/epoxy structures [49]. However, these results illustrate that this uncertainty will
have little effect on modelling.
Table 5.3: Maximum change in total strain energy for ±5% change in design variable
as L/t becomes large.
Maximum change in W
with ± 5% change in variable
Variable +5% -5%
Longitudinal Young’s modulus, E11 -3.22 3.22
Transverse Young’s modulus, E22 8.24 -8.24
Poisson’s ratio, ν12 0.61 -0.61
Shear modulus, G12 0* 0*
Longitudinal thermal expansion coefficient, α1 -0.13 0.13
Transverse thermal expansion coefficient, α2 10.07 -10.07
Temperature change from cure, ∆T 9.97 -9.97
Single ply thickness, t 5.05** -5.05**
Note: A higher limit is seen for G12 near the bifurcation point of ± 0.63%. A higher
limit is seet for t near the bifurcation point of ± 7.94%.
The model is observed to be sensitive to the additional design variables of temperature
change and ply thickness. Both of these properties can be controlled by ensuring a
good level of quality control within the manufacturing process. However, the results
for temperature change do raise a secondary issue. While the cure temperature can be
accurately quantified, it is reasonable to expect some variation in operating conditions
for the laminate.
It is concluded that while the existing modelling techniques are successful in accu-
rately predicting all stable states of cross-symmetric laminates, an accurate definition
of the laminate structure, and in particular the operating environment, is essential.





Properties of Bistable Laminates
This chapter presents an optimisation study for the design of bistable composite lam-
inates enabled by the derivation of an analytical model for stable laminate shapes
outlined in Chapter 4. The optimisation formulation addresses a well-known challenge
of using bistable composite laminates for morphing applications where external oper-
ating loads must be prevented from inducing unwanted structural deformation. This
motivation for the study is detailed in Section 6.1.
Section 6.2 introduces the optimisation problem formulation. The objective function
is used to define the conflicting stiffness requirements of the laminate structure. A
constraint is included to ensure bistability and a minimum deflection requirement is
developed using the understanding of both stable states provided by the analytical mod-
elling. The problem is solved using an iterative gradient based optimisation scheme.
Results obtained for a series of design examples are presented in Section 6.3. The
design problem is found to have multiple local optima, with the global optimum not in-
tuitively obvious from the problem definition, differing from the typical high deflection
cross-ply solutions. Improvements in objective function are investigated by introducing
variable geometry with nonuniform ply thicknesses.
Finally some concluding remarks discuss the feasibility of designing a bistable lami-
nate requiring only a small actuation energy input while still providing a reasonable
resistance to loads. Based on the results of this preliminary study, extension to include
a method of actuation within the modelling is discussed.
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6.1 Motivation for Optimisation
The optimisation formulation introduced in this chapter addresses a well-known chal-
lenge of using bistable composites for adaptive structures. To achieve large defor-
mations and to allow low energy snap-through it is necessary to have low stiffness.
However, low stiffness can also lead to unwanted structural deformation, meaning that
normal operating loads (e.g. aerodynamic) have the potential to induce an unwanted
state-change. The structural requirement to resist normal operating loads and a low
energy requirement for actuation are therefore conflicting, leading to constrained opti-
misation of bistable laminate design.
The conflicting requirements for actuation loads and external operating loads is well
evidenced by Diaconu et al. [31]. Using FEA, the design of a NACA 23012 airfoil was
analysed with the rear section of the profile replaced with a bistable laminate combina-
tion, see Fig. 6.1. Designs consisting of 0◦, 45◦ and 90◦ plies were assessed for actuation
and displacement characteristics. Importantly the aerodynamic pressure that appears
on the structure was ignored, while it was noted that in practice the structure should
be designed not to be activated by ambient aerodynamic loading. Rather than incor-
porating the aerodynamic loading, requiring a dynamic analysis, it was proposed that
an internal structure could be introduced to resist operating load deformations.
Figure 6.1: a) NACA 23012 airfoil and b) bistable trailing edge box, from [31].
In the work presented here an alternative approach is taken. The conflicting require-
ments are addressed by taking advantage of the directional stiffness properties of com-
posite laminates. While the direction of aerodynamic loading may be dictated by other
design constraints, the actuation direction can be considered a variable. Defining these
two directions, φ1 and φ2 (see Fig. 6.2), the conflicting stiffnesses can be optimised.
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Figure 6.2: Ideal directional stiffness properties.
6.2 Optimisation Problem Formulation
In this section the optimisation formulation is introduced as follows:
Minimise: Ratio of bending stiffnesses in two chosen directions, φ1 and φ2,
Section 6.2.1.
Subject to: The laminate must be bistable, Section 6.2.2.
Deflection must be greater than a minimum value, Section 6.2.3.
The four design rules outlined in Section 4.2.2
Variables: Ply orientations θ1 and θ2.
Ply thicknesses t1 and t2.
Square laminate edge length L.
It is noted that this formulation is stated for the design of a four-ply laminate config-
uration (defined in terms of the top two plies according to Section 4.2.2) for ease of
illustration. However, it is trivial to extend to any number of plies.
6.2.1 Objective Function
As discussed, the requirements for low stiffness in an actuation direction and high
stiffness in the direction of an externally applied load are inherently conflicting. This
issue is addressed by minimising the ratio of bending stiffness between two specified
orientations, φ1 and φ2, Eq. 6.1. Thus the bending stiffness in φ1, the direction of
snap-through moment, is minimised while the bending stiffness in φ2, the direction of
the working load, is maximised, see Fig. 6.2. To characterise the bending stiffness at
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φ, the change of major shape coefficient aφ with respect to a moment applied in that
direction, Mxφ is considered. The objective function which is to be minimised is then








This property is evaluated by considering the plate constitutive equations which relate
externally applied forces and moments, N ’s and M ’s, to the plate curvatures, a, b and
c, and midplane strains, 0’s, using the A, B and D matrices. Substituting Eq. 4.29
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Equation 6.2 highlights that the relationship between the curvature a and an applied
moment Mx is not dependent on a single property, but rather a complex combination
of many properties. To develop this relationship Eq. 6.2 is first transformed to align




m4 n4 2m2n2 4m2n2 −4m3n −4mn3
n4 m4 2m2n2 4m2n2 4mn3 4m3n
m2n2 m2n2 m4 + n4 −4m2n2 2(m3n−mn3) 2(mn3 −m3n)
m2n2 m2n2 −2m2n2 (m2 − n2)2 2(m3n−mn3) 2(mn3 −m3n)
m3n −mn3 mn3 −m3n 2(mn3 −m3n) m4 − 3m2n2 3m2n2 − n4
mn3 −m3n m3n−mn3 2(m3n−mn3) 3m2n2 − n4 m4 − 3m2n2

(6.3)
where m and n are cosφ and sinφ of the angle of transformation. The transformed A,





The forces Nx, Ny and Nxy, and moments My and Mxy in the transformed direction
are then set to zero and the remaining system is solved to give an expression for a
in terms of A, B, D, Mx and φ. This expression is obtained for each φ value using
symbolic computing and is used to define the objective function of Eq. 6.1.
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6.2.2 Bistability Constraint
Bistability is not guaranteed simply by the asymmetric nature of the stacking sequence.
One stable state (saddle shape) exists for low edge length to thickness ratios (L/t) in
all asymmetric layups [59], from point A to B in Fig. 6.3. Only beyond a critical
edge to thickness ratio, point B, does the solution bifurcate to produce two stable
solutions (approximately cylindrical states 1 and 2) and an unstable saddle solution
(dotted line). This critical ratio is dependent on laminate geometry, stacking sequence,
material properties and temperature change.
Figure 6.3: Example bistable constraint values.
To ensure that the design space for this optimisation problem is constrained to guaran-
tee a bistable solution, a constraint is introduced using the shape coefficients: For the
family of laminates considered here, the x- and y-curvatures have equal and opposite
magnitude for the saddle shape, thus the sum of the curvatures a and b must always
be zero. In contrast, the sum of the curvatures is either positive or negative for the
two cylindrical shapes. Thus this property can be used to ensure that the design is
bistable. Furthermore, by specifying either a positive or negative sum it is possible to
determine which of the two shapes is being considered. In this work a positive value is
used and the shape coefficients refer to cylindrical state 1 with large positive curvature
in the x-direction.
Bistability constraint : a+ b > 0 (6.5)
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6.2.3 Deflection Constraint
It is noted that the bifurcation point is highly sensitive to uncertainties and imperfec-
tions such as material properties or manufacture [8]. As highlighted in Chapter 5 some
level of uncertainty is expected near the bifurcation point. This can be accounted for
by specifying a lower bound to move the constraint boundary away from the monos-
table region, considered to be a minimum deflection. For the deflection constraint the
change in out-of-plane displacement at a corner of the laminate between states 1 and 2
is considered, see Fig. 6.4. The magnitude of the deflection between states at all four
corners of this family of laminates are equal. Equation 4.1 defines the displacement for
all points in the x-y plane. The corner deflection between states, wdef , at x = y = L/2
can therefore be expressed by Eq. 6.6, where the subscript denotes the associated stable
state.
wdef = w1 − w2 = 1
8
(a1 + b1 + c1)L
2 − 1
8
(a2 + b2 + c2)L
2 (6.6)
Figure 6.4: Deflection between two stable states for an example [0/90]T laminate.
The curvatures a, b and c can be expressed in terms of the first state alone due to the
two states having curvatures of equal and opposite magnitude, see Section 4.3.4. The
x- and y-curvatures of the two states switch alignment and out-of-plane direction, while
the x-y curvature remains unchanged between states. Equation 6.6 can therefore be
rewritten in terms of only a1 and b1 (Eq. 6.7) and can be used to define the constraint
on minimum deflection between states.





It is noted that Eq. 6.7 also incorporates the bistability constraint a + b, making the
bistability constraint inactive for this problem when a minimum deflection is stated.
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6.2.4 Optimisation Algorithm
The optimisation algorithm used to solve the problem outlined in this chapter is a built
in sequential quadratic programming (SQP) function in Matlab, fmincon. The SQP
algorithm is an iterative method for nonlinear optimisation, suitable where the objective
function and constraints are differentiable. With the explicit solution to modelling
derived in Chapter 4, such an SQP routine is ideal for the objective function and
constraints outlined in this chapter. Here, the algorithm performs a line search using
a merit function similar to that proposed in [46, 78, 79]. The quadratic programming
subproblem is solved using an active set strategy similar to that described in [41]. This
method is used throughout the following chapters.
6.3 Numerical Results
This section presents a series of numerical optimisation results using the problem for-
mulation of Section 6.2. All examples use M21/T800 material properties, Table 5.1.
6.3.1 Unconstrained Optimisation
This section presents the results for a design constrained only by the four design rules
and no deflection or bistability constraints, intended to demonstrate the nature of the
design space. For graphical illustration the problem is restricted to the two ply orien-
tations as variables. The square laminate edge length is set to 0.15m, and a uniform
single ply thickness set to 0.25mm. Figure 6.5 shows the design space for this problem
where the direction of low stiffness φ1 is set to 0
◦ and the direction of high stiffness φ2
is set to 45◦. It should be noted that only the first two ply orientations are plotted for
illustration. The red dots indicate the points where Eq. 6.1 is locally optimised while
green dots indicate the global optima, detailed in Table 6.1.
The symmetry in the laminate geometry as defined by the design rules in Section
4.2.2 is mirrored in the symmetry of these results. Four local optima are found which
can be grouped into two pairs. The first pair being the solutions at [–452/452]T and
[452/–452]T, points A and B respectively, which represent the same laminate design.
Both of these solutions have 16.3mm deflection between states while achieving an ob-
jective function value of 0.319, meaning the chosen direction of high stiffness is ap-
proximately three times stiffer than the flexible direction. The second pair of solutions
at [±45]2T and [∓45]2T, points C and D respectively, achieve a higher value of the
101
6 - Optimisation of Directional Properties of Bistable Laminates
objective function, with the stiff direction (φ2) being more than five times stiffer than
the flexible direction (φ1). However, without consideration of the deflection constraint
the optimisation has settled on a monostable design at these points.
Figure 6.5: Unconstrained design space. Red dots mark local optima, green dots mark
global optima, solutions detailed in Table 6.1.
Table 6.1: Optima for unconstrained optimisation.
θ1 (
◦) θ2 (◦) Deflection (mm) Objective Function
A -45.0 -45.0 16.3 0.319
B 45.0 45.0 16.3 0.319
C 45.0 -45.0 monostable 0.194
D -45.0 45.0 monostable 0.194
One additional point of interest is the periodic nature of the design space. While
the plot in Fig. 6.5 is constrained by −90<θ1, θ2<90, the optimisation routine has no
bounds. Beyond these limits the pattern of results repeats, as illustrated by Fig. 6.6.
Therefore the optimisation settles on solutions which are not shown in Table 6.1, but
which can be redefined as equivalent to one of these four solutions. No limit is placed on
the ply orientations to avoid finding meaningless local solutions along these boundaries.
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Figure 6.6: Periodic design space. Red dots mark local optima, green dots mark global
optima.
6.3.2 Deflection Constrained Optimisation
The minimum deflection constraint is now introduced to the problem. The design vari-
ables are again restricted to the ply orientations for graphical illustration. The square
laminate edge length is set to 0.15m, a uniform single ply thickness to 0.25mm, and the
flexible direction chosen to be φ1 = 0
◦ and the stiff direction is chosen to be φ2 = 45◦.
The minimum deflection requirement is set to 10mm. Results obtained for this problem
formulation are shown in Fig. 6.7. The red dots again represent local optima, and green
dots the global optima. The grey areas denote the infeasible regions where the darker
areas are the monostable regions and the lighter areas have deflection between states
of less than the required 10mm.
This problem has six local optima, detailed in Table 6.2. As seen in the previous uncon-
strained optimisation, the two off-axis cross-ply solutions [–452/452]T and [452/–452]T,
points A and B, are unconstrained optima where the gradients are zero. The other
four solutions, points C-F, are on the deflection constraint boundaries and are global
optima. All four solutions achieve an equal objective function value of 0.285. While
this value represents a solution where the direction of high stiffness is approximately
3.5 times stiffer than the flexible direction, this is significantly lower than for the uncon-
strained example. This highlights the compromise introduced by adding a minimum
deflection requirement.
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Figure 6.7: Deflection constrained design space. Red dots mark local optima, green
dots mark global optima, dark grey regions are monostable and light grey regions have
deflection less than 10mm. Solutions detailed in Table 6.2.
Table 6.2: Optima for deflection constrained optimisation.
θ1 (
◦) θ2 (◦) Deflection (mm) Objective Function
A -45.0 -45.0 16.3 0.319
B 45.0 45.0 16.3 0.319
C 23.1 -39.0 10.0 0.285
D -23.1 39.0 10.0 0.285
E -66.9 51.0 10.0 0.285
F 66.9 -51.0 10.0 0.285
6.3.3 Constrained Optimisation with Geometric Design Variables
In this final example the geometric design variables are included in addition to the ply
orientations. They are the individual ply thicknesses t1 and t2, 0.05mm < t1, t2 <
0.75mm; the half laminate thickness (t1+t2), 0.2mm < (t1+t2) < 1.0mm; and the lam-
inate edge length L, 0.15m < L < 0.5m. The minimum required deflection is increased
to 100mm due to the wider range of geometry which has been introduced. Once again
the flexible and stiff directions are specified at φ1 = 0
◦ and φ2 = 45◦ respectively.
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Table 6.3 shows all eight optimum solutions found for this problem. As with both
previous examples, the off-axis cross-ply designs of [–452/452]T and [452/–452]T, A and
B, are local optima. However, as the deflection constraint is inactive for a range of
geometric variables at these ply orientations, there are many solutions achieving equal
objective function values. The deflection between states for these solutions vary from
100mm to 515mm. The laminate edge length, which does not affect the objective
function but only the deflection constraint, has a minimum value of 0.22m.
Table 6.3: Optima for deflection constrained optimisation with nonuniform variable
ply thicknesses and edge length.
θ1 θ2 t1 t2 L Deflection Objective
(◦) (◦) (mm) (mm) (m) (mm) function
A -45.0 -45.0 0.05-0.75 0.05-0.75 0.22-0.5 100-515 0.319
B 45.0 45.0 0.05-0.75 0.05-0.75 0.22-0.5 100-515 0.319
C -49.9 52.8 0.05 0.15 0.5 100 0.220
D 49.9 -52.8 0.05 0.15 0.5 100 0.220
E -40.1 37.2 0.05 0.15 0.5 100 0.220
F 40.1 -37.2 0.05 0.15 0.5 100 0.220
G -45.0 45.0 0.094 0.106 0.5 100 0.191
H 45.0 -45.0 0.094 0.106 0.5 100 0.191
Four local optima are also found along the deflection constraint boundaries approaching
the [±45]2T and [∓45]2T layups. The geometric variables at these solutions all reach
either the upper or lower bounds in order to maximise the laminate deflection. The re-
sulting four solutions have t1 = 0.05mm, t2 = 0.15mm, L = 0.5m and ply orientations of
[-49.9/52.8/-37.2/40.1]T, [49.9/-52.8/37.2/-40.1]T, [-40.1/37.2/-52.8/49.9]T and [40.1/-
37.2/52.8/-49.9]T, points C, D, E, and F in Table 6.3, all with an objective function
value of 0.220. Despite the higher deflection requirement the introduction of a range
of allowable values for the geometric variables has allowed a significant improvement
on the results of the previous section.
Unlike the previous examples, there is a further pair of optima, G and H, with t1 =
0.094mm as shown in Table 6.3. These solutions are [∓45]2T and [±45]2T which have
the lowest objective function value but violated the bistable and deflection constraints
in the previous examples. However, with the addition of the geometric variables, there
exists a solution with the ply angles [∓45]2T and [±45]2T which satisfies the deflection
constraint. The first of these solutions is illustrated in Fig. 6.8 which reveals that the
objective function is nonlinear with respect to t1 leading to an additional solution on
the deflection constraint boundary. This solution is repeated at [±45]2T where both
solutions have equal objective function values of 0.191, meaning a ratio of greater than
five between the stiff and flexible directions. These solutions are not seen in previ-
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ous examples as the limits on the edge length and thicknesses do not allow sufficient
deflection.
Figure 6.8: Variation in objective function with t1 for a [∓45]2T laminate.
6.3.4 Changing the Stiff and Flexible Directions
All examples presented in this section have been based on stiff and flexible directions
of 45◦ and 0◦ respectively. In examples where the bounds on the geometric variables
allow sufficient deflection, the optimum stacking sequence is found to be [∓45]2T or
[±45]2T. When the bounds are too constraining, pairs of optimum stacking sequences
are found on the deflection constraint boundary, close to the unconstrained optimum.
These interactions between the optima and the constraint boundaries are dependent
on the relative values of the stiff and flexible directions.
Optimisation results have been examined for a range of pairs of stiff and flexible direc-
tions, with the difference between the stiff and flexible angles varying from 10◦ to 90◦
at 10◦ intervals. It is observed that a pattern of optimum solutions emerges. Figure
6.9 shows the design space for ply-variable optimisation where the stiff and flexible
directions are φ2 = 60
◦ and φ1 = 50◦ respectively. This problem is otherwise identical
to that in Section 6.3.2. Local optima are marked by red dots, global optima marked
by green dots and the six solutions are detailed in Table 6.4.
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Figure 6.9: Design space for φ1 = 50
◦ and φ2 = 60◦. Red dots mark local optima, green
dots mark global optima, dark grey regions are monostable and light grey regions have
deflection less than 10mm. Solutions detailed in Table 6.4.
With the angles so close together the maximum and minimum objective function values
are seen to be much closer together than for the previous examples. Two off-axis
cross-ply solutions are again observed at [–202/702]T and [702/–202]T, points A and
B respectively, with objective function value of 0.664. However, the four solutions
along the boundary, C-F no longer have the same objective function value. A pair of
solutions, C [–4/62/–28/86]T and D [86/–28/62/–4]T, at the constraint boundary has a
higher objective function value (0.675), thus can no longer be considered optimum. The
other solutions at the constraint boundary, E [–42/76/–14/48]T and F [48/–14/76/–
42]T, have an objective function value of 0.607 and are the global optima. It is noted
that when there is a smaller angle between the flexible and stiff directions the value of
the objective function is significantly higher, as should be expected.
Table 6.4: Optima for deflection constrained optimisation, φ1 = 50
◦ and φ2 = 60◦.
θ1 (
◦) θ2 (◦) Deflection (mm) Objective Function
A -20.0 -20.0 16.3 0.664
B 70.0 70.0 16.3 0.664
C -4.0 62.0 10.0 0.675
D 86.0 -28.0 10.0 0.675
E -42.0 76.0 10.0 0.607
F 48.0 -14.0 10.0 0.607
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6.4 Concluding Remarks
In this chapter an optimisation study for arbitrary asymmetric laminates has been
presented. The optimisation study considered design of bistable laminates through
variation in ply orientations, non-uniform ply thicknesses and laminate edge length,
enabled by the derivation of an analytical solution for stable laminate shapes outlined
in Chapter 4.
The class of laminates considered in this study offer the maximum useful deflection
between states whilst allowing the directional stiffness of the laminate to be tailored.
The design space, constrained by bistability and minimum deflection constraints, is
found to be multimodal with the number of local and global optima found to vary
with the bounds on the design variables and the deflection constraint. This approach
demonstrated that appreciable difference in bending stiffnesses could be achieved whilst
ensuring that the specified deflection constraint is satisfied.
Off-axis cross-ply designs are found to represent a local optimum to this problem while
the global optima are generally found on the deflection constraint boundary with ply
orientations and ply thicknesses which are not intuitively obvious from the problem
definition. The intuitive solutions for optimal stiffness have low deflections between
states and are usually found to be infeasible. However, in some situations the intuituve
layups are found to be feasible (and optimal) with nonuniform geometry allowing suf-
ficient deflection to meet the constraint. This general pattern of results is observed for
all combinations of stiff and flexbile directions. However, the level of objective function
is dependent on the relative angles of these directions. In all cases where a deflection
constraint is imposed, the bistability constraint is understandably inactive.
The numerical studies have shown examples where the stiffness in the loading direction
can be as high as five times that of the snap-through direction. This demonstrates that
it is feasible to design a bistable laminate with a low stiffness in an actuation direction
while still providing a reasonable stiffness to resist operating loads.
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Chapter 7
Analysis of Actuation Methods
The optimisation study presented in the previous chapter has demonstrated the feasib-
lity of designing a bistable laminate with a low stiffness in an actuation direction whilst
providing a reasonable resistance to external loads. How this actuation is achieved
forms the focus of the work presented in this chapter. Three methods are considered
in experimental studies and for extension of the existing modelling.
Section 7.1 presents a modelling extension to include a simple mechanical force ap-
plied in the out-of-plane direction. This modelling technique is used to determine the
structural deformations and actuation force for an example laminate. This study is
then extended to consider variation in the actuation configuration.
Section 7.2 outlines the inclusion of a piezoelectric actuator in the model as an addi-
tional anisotropic layer. This model is validated against experimental and FEA results
for the prediction of both the actuation voltage and the static shape profiles. Finally,
reversible actuation using two orthogonal piezoelectric layers is discussed.
The third actuation method considered is the use of shape memory alloy wires to
induce high strain shape change, with a simple approach to modelling presented in
Section 7.3. An experimental study is conducted to determine the actuation voltage
for a bistable cantilever. This study is then extended to consider piezoelectric material
combined with shape memory wires to achieve reversible actuation, Section 7.4
Finally, a discussion of the advantages and disadvantages of each of the above methods
is presented with the aim of identifying the most suitable actuation technique to be
incorporated in a subsequent optimisation study.
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7.1 Simply Applied Mechanical Force
This section presents a brief overview of the existing modelling of the response to
external forces, followed by a simplified approach which introduces the work done by
an out-of-plane force into the existing energy minimisation model.
7.1.1 Existing Modelling Techniques
Existing work to predict the response of bistable laminates to mechanical force is lim-
ited. Dano and Hyer [23] considered the effect of mechanical force in a formulation
designed to simulate the effects of shape memory alloy wires. For this reason, the
formulation is constrained to applying the force in the in-plane direction. Due to the
complexities which arise from applying the force in this way, detailed later in this
section, Dano and Hyer [23] use a much simplified form of the energy minimisation
problem, proposed by Hamamoto and Hyer [45]. This formulation is limited to mod-
elling of laminates with 0◦ and 90◦ plies only, where the out-of-plane displacement can








The corresponding in-plane displacements are assumed to be of the following form,













where c and d are in-plane coefficients and midplane shear strains are neglected. Using
these relationships in the formulation outlined in Section 4.1, the total laminate strain
energy W can be expressed as a function of the four displacement coefficients.
W = W (a, b, c, d) (7.3)
Minimisation of Eq. 7.3 with respect to the coefficients results in prediction of the
unloaded laminate shapes. The response to an applied force F is then considered by
assuming the configuration shown in Fig. 7.1. A pair of supports are positioned at
opposite edges of the laminate, perpendicular to the laminate surface. The supports
are positioned at x = ±Lxp and y = 0, and have a length e.
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Figure 7.1: In-plane x-displacement under an applied force F , half-laminate shown.
The first variation of total energy of this system can be expressed as follows,
δWT = δW − δWF (7.4)
where WT is the total energy in the loaded system and WF is the work done by the
force. WF is defined as the product of the force and the resulting displacement,
δWF = −Fδu (7.5)










Lxp cos (aLxp) δa (7.6)
Substitution of Eqs. 7.5 and 7.6 into Eq. 7.4 results in the following form for the first
variation of the total energy,












Lxp cos (aLxp) δa
)
(7.7)
where the factor 2 has been added to account for an equal force F applied to the
opposite side of the laminate. Since equilibrium requires δWT = 0, the loaded shapes
are calculated by considering a system of the form of Eq. 7.8.
fi (a, b, c, d, F ) = 0; i = 1, 2, 3, 4 (7.8)
Dano and Hyer [23] compared this model with experimental data and found good cor-
relation. However, the formulation is overly restrictive in only considering cross-ply
laminates. The complexity of Eq. 7.7 demonstrates the problem. By considering in-
plane displacement the additional energy term becomes a function of both in-plane and
out-of-plane coefficients. A simpler approach considering purely out-of-plane displace-
ment is derived in the following section, applicable to laminates of arbitrary layup.
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7.1.2 Simplified Modelling Approach
An alternative approach presented here, similar to that considered by Diaconu et al. [30]
and Pirrera et al. [75], is to apply the force directly on the laminate surface in the z-
direction. Figure 7.2 shows the geometry of this structure. A force F/2 is applied
vertically downwards at x = ±Lx/2 and y = 0. The 1/2 factor is included for the force
such that the problem may be considered equivalent to fixing the laminate corners and
applying a force F at the geometric centre.
Figure 7.2: Displacement from profile A to B under applied force in the z-direction.
The work done in deforming the laminate is the product of the force and the displace-




The displacement due to any pair of forces positioned symmetrically about the geo-
metric centre (x = ±Lxp/2, y = ±Lyp/2) can be expressed without consideration of
the in-plane shape coefficients. For laminates of arbitrary layup δw is defined as


































Substitution of Eq. 7.10 into Eq. 7.9 gives the work done by the force. Then substituting
this into Eq. 7.4 for the modelling formulation of Section 4.1, the first variation of the
total energy can be expressed as follows,









where a factor 2 has been added to account for both forces. Minimisation of the total
energy is then found by solving a system of equations of the form of Eq. 7.12.
fi (a, b, c, d1−11, F ) = 0; i = 1, 2, ..., 14 (7.12)
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The method for calculating static shapes outlined in Chapter 4 is based on stable
shapes of equal and opposite curvature. With an external force applied to the laminate
this assumption is no longer valid so Eq. 7.12 cannot be reduced to a smaller system
of eleven equations in the same way as Eq. 4.69. However, for a laminate meeting
these geometric constraints, the analytical solution does provide an exact solution for
the initial unloaded shape. Equation 7.12 can then be solved efficiently by a Newton-
Raphson technique for incremental changes in applied force.
7.1.3 Determination of an Actuation Force
In this section an example of the determination of an actuation force is presented.
Figure 7.3 shows how the curvatures in the x- and y-directions of a [0/90]T laminate
vary with force applied as shown in Fig. 7.2. The initially unloaded shape at A has
a large positive x-curvature, state 1. The shape coefficients are then calculated at
increasing load levels and the x-curvature reduces. At point B a dramatic change is
observed with x-curvature becoming very small and the y-curvature becoming large
and negative, point C. This marks the transition from state 1 to state 2. As the load
is then incrementally removed the laminate curvatures tend towards point D which
represents the unloaded second state.
Figure 7.3: Actuation behaviour and changing x-direction (a) and y-direction (b) cur-
vatures for a [0/90]T laminate under an applied force.
In addition to allowing arbitrary layups this methodology allows consideration of forces
applied at any location on the laminate surface. To demonstrate the variation in
actuation force with location the geometry of Fig. 7.4 is considered. A force F/2 is
applied at an angle φ to the y-axis for a 0.15×0.15m [0/90]T laminate. A second force is
applied at 180◦ to the first. The force required to actuate is calculated at 10◦ intervals
0.05m from the origin. Actuation forces (F/2+F/2) are shown in Fig. 7.5a.
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Figure 7.4: Location of applied force.
The maximum actuation force occurs when φ = 0◦. This represents a force aligned
with the minor curvature b. The minimum force required occurs when φ = 90◦, or
aligned with the major curvature a. A large variation from 6 to 79N is observed.
Figure 7.5: Actuation force F at a) varying angles φ and b) at varying x-axis locations.
All points in Fig. 7.5a are positioned at a fixed distance from the origin. Figure 7.5b
demonstrates variation in actuation force with distance along the x-axis at φ = 90◦.
The force is found to decrease with the square of the distance in the x-direction.
The simplicity of this modelling and the ease with which the location of the force
can be varied are ideal for optimisation of actuated laminate design. However, while
the system of supports used by Dano and Hyer [23] has been removed, the inconve-
nience of applying an external force remains. The potentially cumbersome mechanisms
which may be required to actuate the laminate in this way may prove restrictive for
many practical applications. An ideal solution would be an actuation mechanism in-
corporated within the laminate structure.
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7.2 Macro-Fibre Composite Actuators
Macro-fibre composite actuators (MFC’s) consist of piezoelectric fibres embedded in
an epoxy resin, with copper interdigitated electrodes bonded to the surfaces. Typical
commercially available MFC’s [96] use fibres of lead zirconate titanate (PZT) as these
fibres exhibit particularly high strain per unit electric field (piezoelectric coefficients).
These properties are ideal for providing the strains required to deform a laminate.
In this section an extension to the analytical model to incorporate an MFC actua-
tor, referred to more generally as a piezoelectric layer, is presented. Actuation voltages
predicted by this model are compared with experimental values. The model is then
further investigated by comparing the predicted shape profiles of laminates with and
without MFC’s with both experimental and FEA results. Finally, reversible actuation
using two orthogonal piezoelectric layers is discussed.
7.2.1 Modelling Extension for Piezoelectric Layers
The modelling extension for a piezoelectric layer can conveniently be treated in much
the same way as each individual layer of the laminate. However there are some differ-
ences in the way it must be modelled. Firstly, this additional layer is attached post-cure
and therefore does not experience any temperature change. Secondly, the piezoelectric
effect must be included in the model. To account for adding the piezoelectric layer
post-cure the thermal expansion coefficients can be set to zero. In effect the model
considers all layers to be cured together but that the piezoelectric layer is unaffected
by this process. To allow for the piezoelectric effect an additional voltage dependent




cijklijkl − αˆijij∆T − βˆijij∆V (7.13)
where βˆij ’s are constants relating to piezoelectric coefficients and ∆V is the voltage
change. To allow different planform dimensions for the piezoelectric layer and laminate,
the associated strain energies are considered separately. The total energy is then the
sum of the laminate energy Wlam and the piezoelectric layer energy WMFC .
W = Wlam +WMFC (7.14)
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(Q¯16βx + Q¯26βy + Q¯66βxy)∆T [1, z]dz
(7.16)
where β’s are piezoelectric coefficients. Equation 7.14 can then be substituted into
Eq. 4.11 and solved to find the stable laminate shapes under piezoelectric loading. This
extension to the modelling breaks the design rules outlined in Section 4.2.2, therefore
the assumptions on which the analytical solution are based are no longer valid. It is
therefore necessary to solve the energy minimisation using numerical techniques for
incremental increases in the applied voltage, where the exact solution to the unloaded
shapes can be used as an initial ‘guess’.
7.2.2 Experimental MFC Actuation Study
In this section an experimental study is outlined to compare observed actuation voltages
with modelling predictions for an arbitrary layup laminate.
Laminate Manufacture
The laminate used for the experimental study was a [-30/60]T laminate with ply thick-
ness of 0.25mm. A square laminate of size 150mm was manufactured using the standard
layup procedure using M21/T800 carbon fibre prepreg sheet (see Table 5.1 for prop-
erties). The manufacturing process involved a maximum cure temperature of 180◦C
and a pressure of 0.69MPa. The laminate was placed on a flat metallic surface during
cure leading to a smooth surface on one side while the opposite side had a rough resin
surface. The cylindrical state with this rough resin layer on the concave surface is
referred to as state I, while the resin layer on the convex surface refers to as state II.
A piezoelectric MFC was attached to the laminate after the cure cycle with epoxy,
creating a [-30/60/0P]T laminate, where superscript P denotes a piezoelectric layer.
The active area of the MFC was 85×57mm, with thickness of 0.3mm, and has a recom-
mended operating range of -500V to 1500V. The material properties of the MFC are
shown in Table 7.1. The two stable shapes resulting from this manufacturing process
are shown in Fig. 7.6.
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Table 7.1: M8557-P1 MFC properties [96].
Property Value
Longitudinal Young’s modulus, E11 (GPa) 30.3
Transverse Young’s modulus, E22 (GPa) 15.9
Poisson’s ratio, ν12 0.31
Shear modulus, G12 (GPa) 5.5
Longitudinal piezoelectric coefficient, β1 (×10−12m/V) 467
Transverse piezoelectric coefficient, β2 (×10−12m/V) -231
Figure 7.6: Two stable states of a [-30/60/0P]T laminate.
Actuation Voltage
The response of the laminate outlined in the previous section to an applied voltage
is modelled using the extended method of Section 7.2.1. Figure 7.7 illustrates the
predicted variation in x- and y-curvature, a and b respectively where the subscript
denotes the associated state, across the full operating range of the MFC. With the
laminate initially in its unloaded state II shape, point A, the curvatures in both the x-
and y-directions are positive. As the voltage is incrementally increased the curvatures
shallow until reaching point B. At this point (995V) a dramatic change in curvature is
observed as both the x- and y-curvatures become negative, point C. As the voltage is
then removed the laminate returns to its unloaded state I shape at point D.
This actuation cycle is repeated experimentally and the observed actuation voltage
is highlighted in Fig. 7.7. The general behaviour of the laminate is captured, with
actuation occurring within the operating range of the MFC as predicted. However, the
experimental value, found to be 700V consistently across a number of actuation cycles,
varies significantly from the predicted value. The analytical model represents an over-
estimation by 42%. This is largely attributed to the constant curvature assumption in
the analytical model. By limiting the out-of-plane shape definition to three coefficients
the degrees of freedom are restricted, effectively increasing the stiffness of the model.
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Figure 7.7: Modelling and experimental actuation of a [-30/60/0P]T laminate.
Finite Element Predictions
To further validate the experimental actuation voltage the [-30/60]T laminate, with
and without the MFC, was modelled using the FE software Ansys [10]. Twenty-node
quadratic layered 3D solid elements (Solid186) were used to model the laminate while
twenty-node coupled-field solid elements (Solid226) were used to capture piezoelectric
behaviour of the MFC. The MFC was modelled by three-dimensional stiffness, piezo-
electric and permittivity matrices, thereby representing the homogenised electrome-
chanical properties.
Previous characterisation [38] of a cross-ply [0P/0/90]T laminate demonstrated that
ply thickness could vary by up to 6% from nominal values. One primary reason for this
variation was a layer of resin seepage during curing which varied widely in thickness.
This was seen to have a significant influence on the cured shapes of bistable composites.
Representative ply thickness for the FE model was calculated by taking the mean value
of the thickness distribution measured from optical microscopy, detailed in Table 7.2.
This variation was accounted for by reducing the Young’s modulus of the additional
resin layer by 50%, and this value is used here.
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Table 7.2: Average layer thicknesses used in FE modelling.
Layer thickness (mm) Standard deviation
60◦ ply 0.255 0.013
-30◦ ply 0.234 0.018
Resin layer 0.027 0.021
Total laminate 0.516 0.045
As in the analytical model, a change in temperature of ∆T = -159◦C was applied to all
nodes in the model to simulate cooling from a cure cycle of 180◦C to a room tempera-
ture of 21◦C. The laminate was simply supported at its geometric centre. Piezoelectric
actuation was modelled by applying a drive voltage to nodes at one end of the MFC
while constraining the voltage at the opposite end to zero. Due to the high curvatures
of the laminate-MFC combination, nonlinear analysis was used.
The FE model, accounting for manufacturing imperfections and through-thickness ef-
fects, showed an excellent quantitative agreement with the experimental result with
702V for actuation. While the analytical model offered a good qualitative agreement
with experiment this FE value captures the behaviour more accurately. Reasons for the
discrepancy between the FE and analytical models are further analysed in the following
section.
7.2.3 Shape Characterisation Incorporating Piezoelectric Material
The two cylindrical shapes of both the [-30/60]T and [-30/60/0
P]T laminates were
characterised experimentally using the three-dimensional motion analysis technique
outlined in Section 5.1.2. Each laminate had 145 round coloured labels of 8mm diam-
eter attached to one surface as shown in Fig. 7.6. Using a setup similar to Fig. 5.1,
camera 1 was always positioned to view from a high position (the centre of the lens
positioned 2.19m away from the origin of the experimental area at a height of 1.86m).
The other two cameras were moved such that the best possible viewing angle was al-
ways achieved without compromising the umbrella configuration [70]. Cameras 2 and
3 had the centre of lens ranging from 1.63 to 2.71m away from the origin in different
setups with the height ranging from 0.51 to 1.32m above the experimental area. The
angle between the cameras ranged from 55 to 105◦ with a mean angle between the
three cameras varying from 77 to 92◦ in different setups.
The laminate shapes captured using the motion analysis technique are shown in Fig. 7.8
(without the piezoelectric layer) and Fig. 7.9 (with the piezoelectric layer). Analytical
modelling and FE predictions of the laminate shapes are also presented for comparison.
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Figure 7.8: Experimental shapes with analytical modelling and FE predictions of state
II for a [-30/60]T laminate. Data offset for illustration.
Figure 7.9: Experimental shapes with analytical modelling and FE predictions of state
II for a [-30/60/0P]T laminate. Data offset for illustration.
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For the [-30/60]T laminate the curvatures of states I and II were predicted to be equal
by the analytical model while the experimental results show that the state II deflection
was greater than that of state I. This difference was captured by the FE model with
the inclusion of a thin resin layer. FE modelling was also able to capture areas of lo-
cally reversed curvature near the laminate corners, barely visible in Fig. 7.8. Excellent
agreement between experimental and FE results was seen for maximum out-of-plane
deflection for state II (2.4%), with a larger error observed for the deflection in state I
(12.2%), a comparable result to analytical prediction. Quantitative agreement in both
states could be improved by using laminate specific composition in the analytical model
rather than average values for typical laminates.
For the [-30/60/0P]T laminate the experimentally observed maximum out-of-plane dis-
placement reduced by approximately 50% with the addition of the MFC. This is due
to the significantly reduced curvature in the central region where the MFC is attached.
The locally reversed curvature in the minor axis in Fig. 7.9 was prominent in both
the experimental and FE results while this is not captured in the analytical model.
This is attributed to the use of a quadratic polynomial in approximating the cylindri-
cal shapes. These simplifications may explain the discrepancies found when comparing
the analytical model to the experimentally measured actuation voltage.
Clearly the accuracy of the analytical model is sensitive to changes in stiffness across
the laminate surface. However, these inaccuracies are localised and do not significantly
affect the overall laminate shape. Accuracy would likely be improved by including an
MFC which covers the entire laminate surface. Of a greater concern for the use of
MFC actuators for bistable laminates is achieving reversible state-change. As Fig. 7.7
demonstrates, the full working voltage range of a single piezoelectric layer does not
allow resetting of the laminate once a single actuation has occurred.
7.2.4 Reversible Actuation
MFC actuators are designed to provide in-plane strain in a single dominant direction.
Some level of strain is achieved in the transverse direction (∼40-50%) but this is insuf-
ficient to achieve bistable laminate actuation. The limitation of needing to align the
MFC with the direction of major curvature (actuation direction) has been considered
by Schultz et al. [93] who achieved a reversible state change by attaching two orthogonal
piezoelectric layers to opposite laminate surfaces. In this way one piezoelectric effect
is always aligned with the direction of actuation. However it is noted that Schultz et
al. [93] required a voltage outside the recommended range of the piezoelectric actuator.
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7.3 Shape Memory Alloy Actuation
An alternative material for ‘smart’ actuators is shape memory alloy (SMA) metal, typ-
ically in the form of thin wires. SMA has the property of ‘remembering’ its original
configuration, returning to a pre-deformed state upon heating [102]. Using SMA wires,
typically made from Nickel Titanium (NiTi), has a number of advantages over piezo-
electrics [50]. The phase change upon heating from martensite to austenite induces
high levels of strain of upto ∼7%, (∼2% for piezoelectric actuators), and high levels
of stress of upto 7×108Nm−2. However, to achieve the large deformations required for
actuation it is necessary to sufficiently deform the SMA prior to heating. In this section
the proposed idea is to utilise the state change of a bistable laminate to deform SMA
wires attached to the surface such that electrical heating of the SMA could return the
bistable composite to the original shape.
7.3.1 Integration of SMA Wires
Incorporating SMA actuation into the existing model for stable laminate shapes presents
a challenge as, unlike the piezoelectric material, it does not occur in the structure as an
additional layer. As an approximation, an additional layer is considered consisiting of
SMA wires embedded in epoxy resin attached to the top surface of the laminate. This
approach requires a volume fraction method to combine the properties of the SMA and
epoxy taken from [65]. The required layer properties are therefore defined as,
E11 = Efψf + Emψm
E22 = (EfEm)/(ψmEf + ψfEm)
ν12 = νfψf + νmψm
G12 = (GfGm)/(ψmGf + ψfGm)
α1 = αfψf + αmψm
α2 = (αfαm)/(ψmαf + ψfαm)
(7.17)
where E is Young’s modulus, ν is Poisson’s ratio, G is shear modulus, α is the thermal
expansion coefficient and ψ is the volume fraction. The subscripts f and m refer to
fibre (SMA) and matrix (epoxy) properties respectively and subscripts 1 and 2 refer to
combined layer properties.
Unlike the laminate and piezoelectric material, SMA properties are not constant over
the full working range of applied voltages. During the martensite to austenite transi-
tion the material properties vary approximately linearly. Figure 7.10 shows an example
of the variation of the Young’s modulus during the transition. At a temperature below
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the transition start temperature As0 the material has a fixed Young’s modulus EA.
Beyond the transition end temperature Af0 the material has a higher fixed Young’s
modulus EM . Between these two temperatures the Young’s modulus varies approxi-
mately linearly based on the martensite volume fraction ζ.
Figure 7.10: Young’s modulus as a function of SMA wire temperature.
The material properties defined in Eq. 7.17 must therefore be calculated at each voltage
interval for modelling. This provides an approximate method for incorporating the
stiffness contribution of the SMA wires into the existing energy model, Chapter 4.
Transition between states is then considered as a single event (no gradual shape change),
defined by the transition voltage (or temperature) of the SMA, discussed later in this
section.
7.3.2 Experimental SMA Actuation Study
This section outlines an experimental study of SMA actuation of a bistable laminate. A
square laminate with [0/90]T layup, side length of 150mm and ply thickness of 0.25mm
was manufactured using M21/T800 prepreg sheet. The aim of this test was to demon-
strate that this bistable laminate can be actuated by a NiTi SMA wire of 0.175mm
diameter. The properties of the SMA wire used in this test are shown in Table 7.3,
while the properties of the composite laminate are those of Table 5.1.
A simple rig was manufactured for the experiment as a method of approximating the
attachment of the SMA wire to the laminate. The rig, shown in Fig. 7.11, consists of
two sets of fixing points spaced 170mm apart. The SMA wire is stretched between these
points and fixed at bolts positioned 30mm further back. These bolts can be tightened
to pretension the wires and remove any slack. The laminate is then placed beneath the
wire and a power supply is attached at either end of the tensioned wire.
123
7 - Analysis of Actuation Methods
Table 7.3: Mechanical properties of NiTi wire [66].
Property Value
Purely austenitic Young’s modulus, EA (GPa) 75.0
Purely martensitic Young’s modulus, EM (GPa) 32.0
Poisson’s ratio, ν 0.33
Shear modulus, G (GPa) 30.0
Purely austenitic thermal expansion coefficient, αA (×10−6/◦C) 11.0
Purely martensitic thermal expansion coefficient, αM (×10−6/◦C) 6.7
Transition start temperature, As0 (
◦C) 50
Transition finish temperature, Af0 (
◦C) 65
Figure 7.11: Experimental SMA test rig.
The first test used a single wire attached between the centre points and tightened so
that the laminate had an initial maximum out-of-plane displacement of 10mm. When
voltage was applied (∼9V), raising the temperature of the wire beyond the transforma-
tion point, the displacement reduced to 6mm but no snap occurred. Modelling predicts
snap-through occurs at 5mm displacement. A second test added a second and third
wire to the rig evenly spaced across the laminate as shown in Fig. 7.11 and the same
voltage was applied. This induced the snap-through and the two stable configurations
were observed as shown in Fig. 7.12. The state change was observed to be completely
repeatable.
124
7 - Analysis of Actuation Methods
Figure 7.12: Snap-through of a [0/90]T laminate under applied SMA load.
7.3.3 Experimental Comparison With Theory
The voltage required in the SMA to induce snap-through between stable states is
investigated by considering the voltage-temperature relationship of the SMA material.
Details from the manufacturer [66] state that the martensite to austenite transition





where V is the applied voltage, A is the cross-section area of the wire, hc is the con-
vection heat transfer coefficient, S is the surface area of the wire, ρ is the electrical
resistivity, lw is the total length of the wire and T∞ is the zero-volt temperature. Ap-
plying the properties of Table 7.4 to Eq. 7.18 gives the voltage-temperature relationship
of Fig. 7.13, where Vs0 and Vf0 are the start and finish transition voltages respectively.
Table 7.4: Transition properties of NiTi wire [66].
Property Value
Wire cross-section area, A (10-8m2) 2.41
Convection heat transfer coefficient, hc (Wm
-2 ◦C-1) 160
Wire surface area, S (10-4m2) 3.63
Electrical resitivity, ρ (10-7Ωm) 11.0
Total wire length, lw (m) 0.66
Zero-volt temperature, T∞ (◦C) 21
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Figure 7.13: Wire temperature as a function of applied voltage.
Figure 7.13 shows that the transition should occur between 7.1V and 8.8V, which
compares well with the experimental value of ∼9V found in the previous section. In fact
the experiment showed that small displacements occur from around 6V and continue to
at least 11V. This discrepancy is due to the simplistic nature of the numerical model,
where in practice the strain actually follows a smooth curved profile either side of the
transition region, shown in Fig. 7.14.
Figure 7.14: Simplified model of the SMA strain-temperature relationship.
It has been demonstrated that actuation of a bistable laminate can be achieved using
SMA wires, and that the transition voltage can be accurately predicted. However, the
issue of reversible actuation remains with the need for repeated deformation of the
SMA wire. Furthermore, the slow response times (maximum operating frequencies are
lower than 10Hz for SMA compared with over 10kHz for piezoelectric actuators) and
lack of fine shape control using SMA actuation do not compare well with piezoelectric
actuation [50]. A combination of the advantages of both methods is considered in the
following section.
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7.4 Reversible Actuation Using MFCs and SMA
This section outlines an experimental study of an actuation mechanism combining the
advantages of the piezoelectric and SMA materials to achieve self-resetting bistable
laminates, referred to here as Shape Memory Alloy - Piezoelectric Active Structures
(SMAPAS). The approach uses piezoelectric actuation to provide rapid snap-through
from state I to state II with a fine degree of control, and a relatively slow but high strain
SMA actuation to reverse the state change, state II to state I. For reversible actuation
the deflection induced by the piezoelectric actuation must be sufficiently high to deform
(twin) the SMA material, thus enabling the shape memory effect to be utilised.
7.4.1 Manufacturing of SMAPAS Demonstrator
A thin composite cantilever beam of [0/0/90/90]T layup is used to demonstrate the
two-way actuation. Figure 7.15 shows the cantilever beam setup, showing the rectan-
gular cantilever and the location of both the MFC actuator and SMA wire. This is
the same structural configuration used in a previous study which showed that two-way
actuation was not achievable using only the piezoelectric actuation [12]. The dimen-
sions of the cantilever beam are 300×60×0.52mm manufactured using HTA (12k) 913
prepreg sheet [12].
The MFC actuator (M2814-P1 [96]) has an operating range of -500V (contraction)
to 1500V (extension). The dimensions are 37×17mm with an active area of 28×14mm
and a thickness of 0.3mm. A two-part araldite epoxy was used to bond the MFC actu-
ator where the direction of the main actuator strain (and its piezoelectric fibres) was
aligned along the axis of curvature, Fig. 7.15. The surface of the carbon fibre compos-
ite was roughened to provide a better adhesion surface. The actuator and composite
laminate were held flat under a weight to provide a good contact while the epoxy was
allowed to cure for 24 hours. The amplifier used to apply an electric potential for piezo-
electric actuation was a TREK PZD700 with a maximum unipolar voltage of 1.4kV,
maximum current of 50mA and slew rate of 100V/s.
SMA actuation was achieved by application of a voltage to heat a NiTi SMA wire
(0.175mm diameter) [66]. The four 20×20 mm corners removed from the composite
allowed the SMA to be clamped to the cantilever beam. The SMA wire was electrically
and thermally insulated by a series of ceramic thermocouple tubes and the wire was
wrapped around the end tab of the cantilever beam and clamped at the opposite end.
The two ends of the SMA wire were then fixed behind the clamping point to tighten
and remove any slack.
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Figure 7.15: Experimental SMAPAS cantilever test rig.
A small mass was added to the cantilever to ensure sufficient deformation of the SMA
from state I to II. Figure 7.16 shows the two stable states of the bistable cantilever.
Figure 7.16: Two stable states of a SMAPAS bistable cantilever.
7.4.2 Characterisation of Actuation
Deflections and shape as a function of actuation were characterised using a motion
analysis technique as in Bowen et al. [12]. A digital video camera recorder (Sony DCR-
TRV 900E) was set up 4.80m from the cantilever with the lens axis perpendicular to
the side plane of the sample. A rectangular calibration object of 346×262mm was
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videotaped for scaling purposes before commencement of the experimental work. The
cantilever beam was videotaped at each actuation voltage in steps of 100V for MFC
actuation and 1V for SMA actuation. A time step of approximately two minutes
was allowed between each measurement. The cantilever beam profile was manually
digitised on Peak Motus (v8.5, Vicon, USA) by selecting 34 points approximately
uniformly along the edge of the cantilever beam. The four corners of the calibration
object were also manually digitised. The digitised area consisted of 1440×1152 pixels,
hence an effective resolution of digitisation was ∼0.3mm in both horizontal and vertical
directions. Following the scaling and reconstruction these 34 discrete coordinates were
exported to Excel software and a fifth order polynomial least squares fit was used to
recreate the profile of the cantilever in each condition.
7.4.3 Results and Discussion
The first part of the experiment was to examine the cantilever deflection due to piezo-
electric actuation while no voltage was applied to the SMA. The cantilever beam was
initially in its raised state (state I) at 0V. The shape of the cantilever beam profile
was then recorded for the positive voltage range of the MFC actuator (maximum of
1500V). The results at 0, 300, 600, 900, 1200 and 1300V are presented in Fig. 7.17.
Figure 7.17: Cantilever shape profile during piezoelectric actuation. Associated state
highlighted in brackets for each voltage.
It was observed that applying voltages between 0 and 1200V increased the deflection
of the cantilever beam but the structure remained in state I. At 1300V there was a
significant change in the deflection as a result of transition from state I to II. On re-
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moval of the applied voltage a small reduction in the deflection was observed but the
structure remained in state II. The cantilever could not be returned to state I using
the MFC alone, consistent with the previous findings [12]. Comparing this result with
that presented by Bowen et al. [12] the actuation voltage requirement of 1300V in this
work was 300V higher due to the increased stiffness caused by the addition of the SMA
wires to the upper surface of the cantilever beam.
The second part of the experiment examined the cantilever beam deflection in response
to SMA actuation. After transition from state I to state II using the piezoelectric and
removing the applied voltage, the input voltage to the SMA wire was increased from 0
to 11V at 1V intervals. The cantilever beam profiles at 0, 5, 6, 7, 8, 9, 10 and 11V are
shown in Fig. 7.18.
Figure 7.18: Cantilever shape profile during SMA actuation. Associated state high-
lighted in brackets for each voltage.
In this case the purpose of the applied voltage was to provide sufficient Joule (resistive)
heating to achieve a martensite to austenite phase change in the SMA and induce a
shape memory effect. Small deflection changes were seen between 0 and 5V as the
temperature in the wire had not reached the transition temperature. There was a
more marked change between 5V and 8V although the cantilever beam remained in
state II. Transition from state II to I was observed at 9V. Upon removal of the voltage to
the SMA the cantilever beam returned to its original (0V) state I profile as in Fig. 7.17.
This reversible actuation was completely repeatable indicating that the piezoelectric
actuation from state I to state II was sufficient to deform (twin) the SMA wire and
enable fully reversible actuation using the SMA-piezoelectric combination. It is noted
that repeated actuation of the structure over a longer time period may reduce the
twinning effect and the resetting ability may be lost.
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A comparison of Figs. 7.17 and 7.18 reveals the different power requirements of the two
actuator materials. The piezoelectric requires a high voltage (>1000V) and electric field
(∼1-2kV/mm) with low current (since the piezoelectric is a dielectric) while the SMA
requires a much lower voltage (<15V) with high current (up to 1A). Since piezoelectric
strain is proportional to electric field the voltage requirement could be lowered by
reducing the interdigitated electrode spacing of the MFC. The piezoelectric is primarily
a reactive (capacitive) load while the SMA is a resistive load, necessitating different
levels of rectification and power. Based on the MFC capacitance [96] of 14nF, the
time to attain a voltage of 1300V is 364ms. This equates to a peak power of 33J/s for
piezoelectric actuation. A voltage of 15V and current of 1A for the SMA equates to a
lower power of 15J/s, which is applied for longer periods to achieve Joule heating.
7.5 Concluding Remarks
This chapter has discussed a number of actuation methods which may be applicable
to actuation of a bistable laminate. Combinations of mechanical force, MFC’s and
SMA wires have been modelled and considered in experimental studies to assess the
feasibility of each technology. The advantages and disadvantages of each for application
to a design study similar to that in Chapter 6 are summarised in Table 7.5.
Table 7.5: Summary of actuation methods for bistable laminates.
Actuation method Advantages Disadvantages
Mechanical force Ease of modelling Practical application of force
Fine shape control External actuation required
Variable actuation configuration
No effect on static shape
MFC actuators Ease of modelling Two-way actuation requires
Fine shape control two MFC’s
Response time Reduces static laminate
Range of operation curvature
SMA wires High strain Slow response time
Large in-plane force No fine shape control
Integration into structure
SMAPAS Reversible actuation Fine control in one
Repeatable SMA effect direction only
Low frequency actuation
A simple extension to the analytical model for static laminate shapes to include a
simple mechanical force has been presented. This modelling has been used to demon-
strate the prediction of an actuation force applied in the out-of-plane direction at the
laminate centre, with a fine degree of shape control achievable for lower forces. With
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optimisation in mind a short study of variation in actuation force with applied location
has been conducted showing a large variation in actuation behaviour. However, the
practical implications of applying the out-of-plane force are severely limiting.
A second study considered incorporating a piezoelectric MFC actuator into the exist-
ing model. This ‘layer-like’ extension provides a simple method of predicting actuation
voltages and displacements and has been validated experimentally. Observed discrep-
ancies are attributed to differences between the manufactured laminate and the ideal
modelling case. A shape characterisation study highlighted areas of locally reversed
curvature around the MFC edges, not predicted by modelling. This may contribute to
the observed errors but is not considered to significantly affect the overall curvature.
To achieve reversible actuation two MFCs are required. This technique allows fast and
repeatable two-way actuation with fine control in both directions.
SMA wires were considered due to the high level of strain which can be achieved. A
volume fraction approach has been used to incorporate a layer of SMA wires embedded
in epoxy resin. This technique does not significantly affect the static laminate shapes,
thus not compromising the bistable behaviour. An experimental study was then con-
ducted to demonstrate the feasibility of SMA actuation of a cross-ply laminate and to
determine the required voltage. The observed voltage showed excellent agreement with
modelling predictions but no intermediate shape change was considered. The difficulty
in incorporating this complex mechanism into the existing model, and the lack of fine
shape control are considered to be limiting factors.
A final study combining the advantages of both MFC actuators and SMA wires demon-
strated reversible actuation of a bistable cantilever. Two-way actuation is achieved
without the need for attaching two MFC actuators to the laminate, thus maintaining
higher static curvatures. However, the issue of the slow response time remains. Fur-
thermore, the twinning of the SMA wire may decay overtime resulting in the inability
to reset the laminate.
Based on these studies, reversible actuation using two MFC actuators is considered
to be both the most suitable method for bistable laminate actuation and the most ap-
plicable to the existing analytical model. By incorporating two orthogonal piezoelectric
layers into the design formulation of Chapter 6 an optimisation study for the design of





This chapter presents an optimisation study for the design of bistable laminates in-
corporating piezoelectric layers. This work builds on that presented in Chapter 6 to
address the issues associated with the inherent flexibility of bistable laminates. The
objective is to minimise unwanted structural deformation in a known loading direction
subject to bistability, minimum deflection and available actuation energy constraints.
Section 8.1 outlines the extensions to the laminate geometry which are required for
this problem, with two orthogonal piezoelectric layers on opposite laminate surfaces
incorporated into the design rules of Section 4.2.2. The necessary extensions to the ex-
isting modelling to include the additional stiffness of the extra layers and the response
to applied voltages are introduced, with an analytical example of the determination of
an actuation voltage. This modelling then forms the basis of the optimisation problem
formulation outlined in Section 8.2.
Results obtained for a series of examples are presented in Section 8.3. The prob-
lem is found to be multimodal with the multiple optima dependent on the loading and
actuation directions and the constraint boundary interactions. Based on these results
a secondary study is presented to reduce the total actuation voltage through the simul-
taneous use of the positive and negative working ranges of the two piezoelectric layers.
Finally, the performance of the optimisation methodology is discussed.
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8.1 Design Problem
In this section an extension to the laminate geometry of Fig. 4.2 is introduced for the
incorporation of two orthogonal piezoelectric layers, as discussed in Chapter 7. The new
laminate configuration is defined by the following design rules, and the n-ply geometry
is illustrated in Fig. 8.1.
1. Two piezoelectric layers on the top and bottom surfaces of the laminate 90◦ apart.
2. Even number of plies, with pairs of plies about the laminate midplane 90◦ apart.
3. Square edge lengths L for both the piezoelectric layers and composite laminate.
4. Equal thicknesses tp for both piezoelectric layers.
5. Equal ply thicknesses about the laminate midplane t1, t2, ... , tn.
6. Each ply is made from the same material.
This laminate configuration is selected for two reasons. Firstly, the piezoelectric layers
are positioned orthogonal to each other to align with the major curvatures of the two
stable cylindrical states, Rule 1. Secondly, it allows for the maximum deflection between
the two states while providing scope for tailoring the directional stiffness properties,
Rule 2.
Figure 8.1: n-ply laminate (white) geometry with orthogonal piezoelectric layers (grey).
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8.1.1 Modelling Extension
The existing analytical model is extended to account for the orthogonal piezoelectric
layers. Firstly the piezoelectric stiffness is added to the laminate structure, and sec-
ondly the effect of a voltage applied to the piezoelectric material is included. The
first of these is a simple extension to the matrix formulation of Chapter 4 where the
piezoelectric layers are treated in the same way as a single ply. With reference to
Eq. 4.67, the components of the energy formulation which must be modified to include
the piezoelectric layers are U , Z, K and T , which define the stiffness matrices and
thermal force and moment terms as follows,








Each property defined by Eq. 8.1 can be considered cumulative. The total contribution
of the laminate and piezoelectric layers Stot is therefore expressed as the following sum,
[Stot] = [Slam] + [Sp]
= [U ][Z][K][T ] + [Up][Zp][Kp][Tp]
(8.2)
where the subscript lam refers to laminate properties and p denotes a piezoelectric
property. Terms are split into their constitutive parts in the same way as outlined in
Chapter 4 defined as follows,
[Up] = Piezoelectric stiffness properties
[Zp] = Piezoelectric layer orientations
[Kp] = Piezoelectric thermal expansion properties
[Tp] = Piezoelectric layer thickness terms
The matrix Up is unchanged from the definition of Eq. 4.21 but is defined using the
corresponding piezoelectric properties, see Table 7.1. As the piezoelectric layers are
typically attached post-cure [84, 93] they do not produce any thermal forces or moments
but do contribute to the A, B and D terms. The matrix Kp is therefore modified from







For the matrices Zp and Tp Eq. 4.54 is considered for the special case of a single pair
of layers positioned on the outer laminate surfaces. Substituting the distance to the
top (Ei = (nt+ tp)/t) and bottom (Ei+1 = (nt)/t) surface of the top piezoelectric layer
into Eq. 4.54, the following form is obtained for the piezoelectric layers alone,
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V Ap = 2tp
[




(nt)2 − (nt+ tp)2
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3 − (nt)3) [0 cos 4θp 0 sin 4θp]
(8.4)
where n is the number of plies above the midplane and θp is the orientation of the top
piezoelectric layer. The layer orientation and thickness terms are then separated in the












3 − (nt)3) (8.5)
The matrix Zp then has the same form as Eq. 4.52 but with the piezoelectric layer
properties, and the matrix Tp contains the thickness dependent terms of Eq. 8.5 in
the same form as Eq. 4.53. Finally, Eq. 8.2 is substituted into Eq. 4.69 to define the
equilibrium equations to be solved to find the stable shapes of the unloaded laminate
including the two orthogonal piezoelectric layers.
fi = [Stot][X]i[L] (8.6)
Given the cumulative nature of the properties in Eq. 8.6, the full form of the equilibrium
equations is identical to that for Eq. 4.69, only with different values for each of the A,
B and D matrix terms. The analytical solution derived in Chapter 4 and detailed in
Appendix B.10 is therefore still valid with these new properties and provides a fast and
robust method of calculating the static shapes.
8.1.2 Actuation Voltage
The second extension necessary to consider the addition of piezoelectric layers is the ef-
fect of applying a voltage to the material. When a voltage is applied to the piezoelectric
layers to deform the laminate shape the assumptions on which the analytical solution
to the existing model is based are invalid. Specifically, the reduced number of shape
coefficients of Eq. 4.66 is not suitable for two deformed shapes of unequal curvature.
Equation B.38 can therefore not be used to find the loaded shapes. However, the exact
solution for the unloaded shape provides a very close initial guess to the shapes for a
small applied voltage. Using the modelling extension outlined in Section 7.2.1 and the
unloaded shape as an initial guess, the loaded shapes can be calculated iteratively using
a Newton-Raphson technique for small increments of the applied voltage. Given the
quality of the initial guess this method is found to be efficient and reliable for assessing
the voltage induced shape change.
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As an example of the determination of an actuation voltage, a [0P/0/90/90P]T laminate
is considered where P denotes a piezoelectric layer. Figure 8.2 illustrates the change
in major and minor out-of-plane displacement coefficients a and b where the subscript
denotes the associated stable state, with applied voltage to the top layer. The exact
zero-voltage shape at point A is calculated using Eq. B.38. As the applied voltage is
incrementally increased the loaded shapes are computed using the Newton-Raphson
method. At a critical voltage, point B, a switches to near-zero and the coefficient b
jumps to a large negative value, point C. The voltage at this transition from point
B to C is the actuation voltage. As the voltage is then incrementally removed, the
curvatures approach the second unloaded shape at point D.
Figure 8.2: Actuation of a [0P/0/90/90P]T laminate. Subscript denotes the associated
stable state.
For reversible actuation using the laminate definition of Fig. 8.1 the two voltages ap-
plied to the top and bottom piezoelectric layers are considered separately. Therefore
the actuation scheme described above uses a single voltage to describe each shape
transition.
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8.2 Optimisation Problem Formulation
In this section the optimisation problem formulation for actuated bistable laminates is
introduced. This formulation is an extension of that considered in Chapter 6 to include
orthogonal piezoelectric layers. The problem is defined as follows,
Maximise: Bending stiffness in a chosen direction φ2 (see Fig. 6.2), Section 8.2.1.
Subject to: The laminate must be bistable, Section 8.2.2.
The deflection between states must be greater than a minimum
value, enforcing a meaningful shape change, Section 8.2.2.
Reversible snap-through must be within the working voltage limits
of the piezoelectric layers, Section 8.2.3.
Variables: Ply orientations θ1 and θ2 defining all four ply orientations.
Piezoelectric fibre orientation θp.
Ply thicknesses t1 and t2.
Square edge length L common to the laminate and piezoelectrics.
Snap-through direction φ1 and loading direction φ2.
It is noted that this formulation is stated for the design of a four-ply laminate config-
uration for ease of illustration. However, the method can be easily extended to any
number of plies.
8.2.1 Objective Function
As discussed in Section 6.1, bistable laminates are inherently flexible to allow low
energy state-change. However, this can lead to unwanted structural deformation due
to external operating loads. Unlike the work presented in Chapter 6 these conflicting
requirements are separated in this formulation. With a method of determining the
actuation voltage, the actuation behaviour can be considered as a constraint, outlined
later in this section. This leaves the behaviour in the loading direction as the objective
function. To resist unwanted deformation in this direction the bending stiffness is
maximised, characterised as minimising the change in curvature with applied moment
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8.2.2 Bistability and Deflection Constraints
The addition of two orthogonal piezoelectric layers will inevitably reduce the laminate
curvatures due to the added stiffness. Constraints to ensure bistability and subse-
quently a minimum deflection are therefore vital. Conveniently the changes to the
modelling in this chapter do not affect the formulations for these constraints outlined
in Sections 6.2.2 and 6.2.3. They therefore remain unchanged.
8.2.3 Actuation Constraint
A constraint is imposed to ensure that the laminate can be actuated within the working
voltage limits of the piezoelectric layers. The applied voltage to the piezoelectric layers
in the direction of actuation φ1 is therefore constrained to be within these bounds. For
the piezoelectric material used in this work (M8557-P1) the lower and upper bounds
for applied voltage are -500V and 1500V respectively [96]. The maximum positive
voltage of 1500V represents a limit to avoid dielectric breakdown of the piezoelectric
and corresponds to a free strain of 1350µstrain. The -500V cannot be exceeded since
it can lead to depolarisation of the piezoelectric and corresponds to a free strain of
-450µstrain. This constraint is included using the technique outlined in Section 8.1.2.
8.3 Numerical Results
This section presents the results of numerical optimisation using the problem formu-
lation of Section 8.2. The problem is solved using Matlab’s sequential quadratic pro-
gramming (SQP), fmincon. In order to find all local solutions, multiple starting points
are used. All examples use M21/T800 material properties for the laminate (Table 5.1)
and M8557-P1 properties for the piezoelectric layers (Table 7.1).
8.3.1 Maximisation of Bending Stiffness
To demonstrate the nature of the design space, optimum solutions constrained only
by the cross-symmetric design rules of Fig. 8.1 and no bistability, deflection or snap-
through constraints are imposed. The design variables are restricted to the ply orien-
tations for illustrative purposes. The square laminate edge length L is set to 0.15m,
and the uniform single ply thickness t1 = t2 set to 0.1mm. The piezoelectric layers are
assumed to have the same edge length L with a thickness of 0.2mm. The snap-through
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direction φ1 is fixed to 90
◦. The pattern of results observed is dependent on the relative
values of the snap-through direction and loading direction rather than the individual
angles. Figure 8.3 shows the design space for this problem for changing values of the
loading direction φ2. The contours show the objective function value, the red dots are
used to indicate points where Eq. 8.7 is locally optimal and green dots used to indicate
global optima.
With the loading direction initially set to 0◦, four distinct local solutions are found
with [02/902]T, [902/02]T, [0/90]2T and [90/0]2T layups, Fig. 8.3a. Due to the periodic
nature of the design space these solutions are repeated at equivalent positions along the
boundaries. Each of these four solutions has a different value of the objective function,
with the global optimum found at [0/90]2T with a value of 0.737N
-1m-2. As the load-
ing direction φ2 is changed the pattern of four local solutions shifts away from 0
◦ and
90◦ ply angles and the solutions no longer appear orthogonally to one another. When
φ2 approaches 20
◦ one of the four solutions is lost. Of the remaining three solutions
the global optimum is found at [22/-58/32/-68]T with an objective function value of
0.811N-1m-2, Fig. 8.3e. When φ2 = 30
◦ the number of local solutions reduces further to
just two, Fig. 8.3g. As φ2 tends towards 45
◦ the two remaining solutions become closer
to being orthogonal to one another until settling on [44/-38/52/-46]T and [-44/38/-
52/46]T at φ2 = 45
◦, with both solutions exhibiting equal objective function value of
0.936N-1m-2, Fig. 8.3j.
In addition to the changing number of optima, an increase in the global optimum
objective function values with increasing φ2 is observed. Figure 8.4 shows this relation-
ship for the range of φ2, shown as the blue line. The minimum solution is found when
φ2 is 0
◦. This design represents a laminate layup where the piezoelectric layer orienta-
tions are orthogonal to the chosen loading direction. This is expected as the laminate
composition makes best use of the directional stiffnesses of anisotropic materials by
having the two conflicting requirements as far apart as possible. For comparison, the
optimum cross-ply solutions [θ1/θ1/θ1+90/θ1+90]T are also shown in Fig. 8.4, shown
as the red line. These cross-ply layups are the most common in bistable laminate de-
sign as they exhibit high deflection, generally with θ1 = 0
◦. Comparing these typical
designs against the global optima reveals improvement in objective function from 12%
to 29% is obtained by the use of ply orientations as defined by design rule 2 of Section
8.1.
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Figure 8.3: Variation in design space for a [0P/θ1/θ2/θ2+90/θ1+90/90
P]T laminate
with change in loading direction φ2. Contours represent the objective function, red
dots mark local optima, while green dots denote global optima.
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Figure 8.4: Variation in objective function with change in loading direction.
8.3.2 Addition of Deflection and Actuation Constraints
This section investigates how the optimum solutions are affected by the introduction
of a minimum deflection and actuation voltage constraints. Figure 8.5 shows contours
of the deflection between two states for the geometry of Section 8.3.1, where the edge
length L is 0.15m, ply thickness t is 0.1mm and the piezoelectric layers are oriented at
0◦ and 90◦. This composite laminate geometry is bistable for all ply orientations con-
sidered as the edge length to thickness ratio is sufficiently high. In the unconstrained
examples it was observed that the global optimum stiffness solutions tend to sit in the
regions marked by the black dotted lines in Fig. 8.5, while the highest deflection designs
are observed in the region marked by the red line. This conflict demonstrates the need
for constrained optimisation to tailor the design.
The deflection and actuation constraints are now introduced to the problem in Sec-
tion 8.3.1 for a range of loading directions (0◦ to 45◦ at 5◦ intervals) and a fixed
snap-through direction (90◦) as in the unconstrained examples. The design variables
are extended to include the nonuniform ply thicknesses t1 and t2 and laminate edge
length L as well as the ply orientations. However, all locally optimal designs for this
problem are found at the upper or lower bounds of the geometric variables. There-
fore results are presented with the square laminate edge length set to 0.15m, and the
uniform single ply thickness set to 0.1mm, noting that an increase in edge length or
a decrease in ply thickness will increase the achievable deflection but not affect the
general pattern of results observed.
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Figure 8.5: Deflection between states for a [0P/θ1/θ2/θ2+90/θ1+90/90
P]T laminate.
Black lines mark optimum stiffness regions, red line marks high deflection region.
Figure 8.6 shows the constrained design space for three example loading directions, 0◦,
20◦, and 45◦, chosen to show the behaviour across the range shown in Fig. 8.3. For
each loading direction results are presented for the actuation voltage constrained by the
upper limit of the working range (1500V) where the infeasible region is marked in light
grey. Each example is repeated for a range of deflection constraint values (30-70mm
at 10mm intervals, 30, 50 and 70mm shown in Fig. 8.6), with the infeasible regions
marked in dark grey. The local solutions are marked with red dots and the global
solutions marked with green dots.
The optimum solutions are summarised in Table 8.1. It can be seen in Fig. 8.6a
that the global optimum solution for 0◦ loading direction and the deflection constraint
of 30mm is not affected by the constraints. Some local solutions are found to be in-
feasible, but [0/90]2T is still the global optimum with an objective function value of
0.737N-1m-2. As the deflection constraint is increased to 50mm this solution becomes
infeasible and a new global optimum is found on the deflection constraint boundary at
[2/76/-14/-88]T with an increased objective function value of 0.754N
-1m-2, Fig. 8.6b.
Increasing the deflection constraint further to 70mm continues to move the solution
away from the unconstrained optimum. The actuation constraint (light grey region)
remains inactive for all deflection values in Figs. 8.6a-c.
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Figure 8.6: Constrained design space for loading directions a-c) φ2 = 0
◦, d-f) φ2 = 20◦
and g-i) φ2 = 45
◦, for different deflection constraint values of 30, 50, and 70mm. Light
grey regions infeasible due to voltage constraint, dark grey regions infeasble due to
deflection constraint, red dots mark local optima and green dots mark global optima.
Table 8.1: Constrained global optimum solutions.
Loading Deflection θ1 θ2 Actual Objective
direction (φ◦) constraint (mm) (◦) (◦) deflection (mm) Function (N-1m-2)
30 0 90 43.3 0.737
40 0 90 43.3 0.737
0 50 2 76 50.0 0.754
60 4 68 60.0 0.773
70 2 56 70.0 0.787
30 22 -59 46.7 0.811
40 22 -59 46.7 0.811
20 50 21 -56 50.0 0.813
60 21 -44 60.0 0.832
70 20 -36 70.0 0.854
30 43 -38 44.2 0.936
40 43 -38 44.2 0.936
45 50 41 -33 50.0 0.943
60 39 -35 60.0 0.972
70 36 -19 70.0 1.014
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For the solutions with loading direction of 20◦ a similar pattern is observed (Figs. 8.6d-
f). For the low deflection constraint of 30mm the global optimum is unchanged, [22/-
59/31/-68]T with an objective function value of 0.811N
-1m-2, Fig. 8.6d. An additional
local solution is found where the actuation constraint is active. As the deflection
requirement is increased from 30mm to 50mm the global solution is shifted by the
deflection constraint boundary to [21/-56/34/-69]T with an objective function value of
0.813N-1m-2 and an additional local solution constrained by the actuation requirement
appears, Fig. 8.6e.
For the loading direction at 45◦ a slight change in the pattern of the results is ob-
served (Figs. 8.6g-i). Due to the symmetry of this particular problem we find two
solutions of equal objective value. For the 30mm deflection problem these solutions
are unconstrained and are found at [43/-38/52/-47]T and [-43/38/-52/47]T with an
objective function value of 0.936N-1m-2, Fig. 8.6g. As the deflection constraint is in-
creased these two solutions move simultaneously to points on the constraint boundary,
still with equal but higher objective value (Figs. 8.6h-i). In all cases the light grey
actuation constraint remains inactive for the global optima.
These examples demonstrate that actuation through the use of two orthogonal piezo-
electric layers is achievable for this family of laminates. Furthermore the state-change
is achievable while maintaining a useful deflection between states and a reasonable im-
provement on the typical high deflection cross-ply designs, as shown in Fig. 8.4.
In all examples examined in this section the actuation voltage constraint was not the
constraining factor for the global optima. This problem formulation also makes use of
only one of the piezoelectric layers at any one time with the second piezoelectric layer
used for the reverse actuation. Given that the full capacity of the actuation is not used
and the potential of the second layer to contract under the application of a negative
bias is neglected there is scope for a reduction in the total voltage requirement.
8.3.3 Combined Use of Two Piezoelectric Layers
The piezoelectric layers modelled in this work have a working range of -500V to 1500V.
However, frequent use at these high voltage levels can lead to degradation of the piezo-
electric and a reduced lifespan [48, 80]. Furthermore the use of drive voltages in excess
of 1000V may limit application of the technology due to safety concerns or the need
to rectify local power sources. Having considered only the positive range of one layer
so far, and having observed that this constraint is inactive at the global optima for all
cases, it is investigated whether the voltage requirement can be reduced by simultane-
ously utilising the negative voltage range of the layer on the opposite surface.
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The voltage requirement for each optimum stiffness solution shown in Table 8.1 is anal-
ysed by the numerical method discussed in Section 8.1.2. Figure 8.7 shows the variation
in the total voltage requirement (top layer voltage + bottom layer voltage) for each
loading direction for the 50mm deflection problem. The green dots indicate the lowest
combination of voltages for each example. For the 45◦ loading direction the optimum
solution is found when the bottom layer voltage is 0V. Therefore no improvement in
the voltage requirement is found. For the 20◦ loading direction the optimum solution
is again found to be to use only the positive range of the top layer. However, the
increase in combined voltage with increase in negative voltage is more gradual. For
the 0◦ loading direction this pattern is reversed, with the optimum combination found
at the negative voltage limit, -500V. This is combined with a small positive voltage
of 30V for the opposite layer. The combined requirement of 530V represents a 23.7%
reduction in the total applied voltage using only one piezoelectric layer. Results for all
cases are shown in Table 8.2.
It is found that a reduction in the total voltage requirement is achievable for the
0◦ loading direction with up to 33.8% reduction from the corresponding single layer
actuation solutions. In the case of a 40mm deflection constraint, [0P/0/90/0/90/90P]T,
it is seen that using a negative voltage on the bottom layer alone requires less total
voltage input. For the 20◦ loading direction there is a clear switching point where the
use of the bottom layer no longer aids actuation. This is also the case for all 45◦ loading
direction cases. Whether the bottom layer actuation is effective is dependent on the
orientation of the piezoelectric layers relative to the laminate major curvature.
Figure 8.7: Combined voltage requirements for 50mm deflection.
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Table 8.2: Voltage requirements using both piezoelectric layers simultaneously.
Loading Deflection Top Bottom Combined Reduction
direction (φ◦) constraint (mm) layer (V) layer (V) voltage (V) (%)
40 0 -410 410 33.8
0 50 30 -500 530 23.7
60 215 -500 715 11.7
70 355 -500 855 1.7
40 75 -500 575 2.5
20 50 590 0 590 0
60 675 0 675 0
70 775 0 775 0
40 865 0 865 0
45 50 815 0 815 0
60 940 0 940 0
70 1085 0 1085 0
This study only considered orthogonal piezoelectric layers and showed that the use of
both layers simultaneously can reduce the total voltage requirement. This suggests that
there is scope for further improvement by relaxing the constraint on the piezoelectric
layer orientations and making use of the full working range of the layers.
8.4 Concluding Remarks
This chapter has detailed an optimisation study for the design of reversibly actuated
bistable laminates of cross-symmetric layup. This class of laminates have been chosen
to allow tailoring of the laminate’s directional stiffness whilst offering maximum useful
deflection between states. The optimisation study has been enabled by the incorpora-
tion of two orthogonal piezoelectric layers into the analytical solution of Chapter 4 for
the shapes of bistable laminates.
The optimisation study addresses the challenge of providing resistance to external loads
in a known direction whilst maintaining useful bistable characteristics. The objective
function is used to maximise the bending stiffness of the laminates in a chosen loading
direction, while an actuation constraint is imposed by considering the operating range
of the piezoelectric layers. Two additional constraints to ensure bistability and a min-
imum deflection are also included.
With the ply orientations and laminate geometry as variables the optimisation problem
has been found to be multimodal, with the interactions of the multiple local optima
with the constraint boundaries dependent on the chosen loading and actuation direc-
147
8 - Optimisation of Actuated Bistable Laminates
tions and the values of the constraints. Given the complex and multimodal nature of
the actuated bistable laminate design space, multiple starting points are required to
capture all optima.
As a secondary study the optimisation tool has been used to investigate the total
voltage requirements for actuation. Through the combined use of the positive and
negative applied voltages to the top and bottom piezoelectric layers, it is found that
a reduction in the total actuation voltage of up to 33.8% is achievable in some cases.
This indicates that there is scope to investigate simultaneous optimisation of stiffness





In this chapter many of the methods developed in this work are combined in a study
of a piezoelectric energy harvester to convert mechanical motion into electrical energy.
Section 9.1 provides a brief outline of existing literature on the topic of energy har-
vesting using piezoelectric composite laminates. This background review highlights an
existing experimental study of a bistable cross-ply laminate for energy harvesting, pre-
sented by Arrieta et al. [5]. The experimental study focuses on a laminate structure
similar to that considered in Chapter 8. Due to the complex nature of existing mod-
elling techniques optimisation of the design of the laminate has not been considered in
the existing literature.
Section 9.2 outlines an optimisation problem formulation for the design of a similar
structure to that presented experimentally in [5]. The objective of this study is to max-
imise the electrical energy generated between two stable states of a cross-symmetric
laminate. This objective function is introduced by considering the curvature-induced
deformations in piezoelectric material due to the alternating laminate curvatures. A
number of modelling extensions are introduced including a variable configuration of
piezoelectric layers and inclusion of variable laminate aspect ratio.
The results of the optimisation study are presented in Section 9.3 and the problem
is found to have multiple local optima. These multiple solutions are then investigated
in more detail in a series of design parameter studies. These studies are intended to
demonstrate the dependence of solutions on the ply thickness, stacking sequence, aspect
ratio and overall laminate geometry. Variation in the optimum piezoelectric configura-
tion is observed depending on the problem definition.
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Finally, some concluding remarks discuss the optimisation results in the context of prac-
tical applications. Large scope for improvement in the design of piezoelectric energy
harvesters is identified, with a number of areas for future research suggested.
9.1 Background
In recent years there has been a steady rise in the use of wireless sensor networks and
electronics requiring a portable energy source [4]. These systems typically rely on elec-
trochemical batteries. However, while the electronics have become more sophisticated
and require larger power supply over longer time periods, battery technology is the lim-
iting factor. To address this issue research is focused on ways of harvesting electrical
energy from ambient mechanical vibrations to provide the necessary power.
There are a number of ways of achieving mechanical energy to electrical energy con-
versions, such as electrostatic generation [67], electromagnetic induction [42] and the
piezoelectric effect. Results presented by Priya [81] have shown that piezoelectric mate-
rials have a number of advantages, including ease of integration within a system, higher
strain energy densities and the simplicity of the conversion from strain energy to useful
electrical energy. Later work by Priya [82] aimed to evaluate a range of piezoelectric
compositions to identify the most suitable for energy harvesting applications. A simple
figure of merit (FOM) was derived to assess the electrical energy available under an al-
ternating stress excitation in the off-resonance condition. Notably, this work presented
a method to quantify the electrical energy in a purely static analysis, outlined further
later in this chapter.
Piezoelectric material has been incorporated into structures to harvest energy from
ambient vibrations. These devices are often tuned to operate near resonance to max-
imise their power generation [4]. However, resonant devices are not easily scalable and
their performance falls significantly when operated outside their resonant frequency
range [33]. Thus typical linear resonant systems are unsuitable for random ambient
vibrations. More recently work has focused on exploiting nonlinearity for broadband
energy harvesting. Encouraging results [32, 98, 99] have been obtained using nonlin-
ear cantilevered beams. Stanton et al. [98] modelled and experimentally validated a
nonlinear energy harvester using a piezoelectric cantilever. An end magnet on the can-
tilever excited by an electromagnetic shaker interacts with oppositely poled, stationary
magnets. This technique was shown to outperform linear systems when excited by
varying frequencies. However, such systems would require an obtrusive arrangement of
external magnets, rendering them unsuitable for a number of applications.
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An alternative method is to use asymmetric bistable composites to induce large ampli-
tude oscillations [5], exploiting the rich nonlinear dynamics of such a structure [6]. The
inherent structural bistability means an asymmetric laminate system can be designed
to occupy a smaller space and is potentially more convenient and portable. Arrieta et
al. [5] presented an experimental study of a 200 × 200mm [02/902]T laminate with four
piezoelectric layers attached to the top surface. Results demonstrated high levels of
power extraction over a wide range of frequencies when compared to resonant systems.
Given the complex nature of existing modelling techniques, optimisation of bistable
energy harvesters is not presented in existing literature. The modelling formulation
presented in Chapter 4 is ideally suited to this problem, enabling the wide scope for
tailoring of the design to be exploited. In this chapter a problem formulation is proposed
based on this analytical model to optimise the electrical energy output of a bistable
piezoelectric laminate, considering the alternating stress excitation due to actuation
between two static states.
9.2 Optimisation Problem Formulation
In this section the optimisation problem formulation for maximum piezoelectric energy
harvesting capability is introduced. The problem is defined as follows:
Maximise: Piezoelectrically induced electrical energy, Section 9.2.3.
Subject to: The laminate must be bistable, Section 9.2.5.
Piezoelectric strain must be below a maximum value, Section 9.2.5.
The laminate must meet the design rules, Section 9.2.1.
Variables: Ply and piezoelectric layer orientations, θ and θp respectively.
Single ply thickness, t.
Aspect ratio of the laminate, Lx/Ly.
Piezoelectric surface area, % of total area.
The problem is solved using MATLAB’s sequential quadratic programming function,
fmincon. In order to find all optimum solutions multiple starting points are used
positioned randomly throughout the design space.
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9.2.1 Laminate Structure
The laminate configuration considered for this study follows the same basic set of design
rules as outlined in Section 8.1 and illustrated in Fig. 8.1. However, two extensions to
this modelling formulation are introduced. The first of these is to allow variable aspect
ratio for the laminate using the method discussed in Section 9.2.4. Figure 9.1 shows
two [0/90]T laminates with aspect ratios of 1 (a) and 5 (b). For an aspect ratio of 5 it
can be seen that one cylindrical shape has significantly larger displacements than the
opposite cylindrical shape. The potential trade-off between the magnitudes of electrical
energy produced in each state will be investigated later in this chapter.
Figure 9.1: Two stable states of a [0/90]T laminate with aspect ratio of a) 1 and b) 5.
The second extension is to allow variation in the configuration of the piezoelectric
layers. All studies in this work so far have considered piezoelectric layers which cover
the entire laminate surface. However, for the energy harvesting application this may
not be the optimal solution. Firstly, the large size of the piezoelectric layer reduces
the curvature of the laminate and can reduce the harvestable energy. Secondly, with
vibration-based actuation in mind there is a concern that the natural oscillations may
be suppressed by the additional stiffness [5]. In this study the piezoelectric material
is split into four sections, each positioned at the centre of one quarter of the laminate
surface as considered by Arrieta et al. [5]. Unlike in [5] this pattern is mirrored on
the opposite surface by piezoelectric layers oriented perpendicularly as defined by the
design rules of Section 8.1. Figure 9.2 shows an example of this configuration for varying
piezoelectric sizes.
Figure 9.2: Stable laminate shapes for a square [0/90]T laminate with a) 100%, b) 50%
and c) 10% piezoelectric surface area, piezoelectric layers shown in orange.
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When the four layers occupy the entire laminate surface, Fig. 9.2a, the configuration
is equivalent to a single layer. As the layer sizes are reduced, Figs. 9.2b (50% cover-
age) and 9.2c (10% coverage), the curvature of the laminate increases. This trade-off
between the available curvature (proportional to piezoelectric strain) and the useful
piezoelectric area is one of the key points investigated in this study.
It is noted that variation in piezoelectric layer size does highlight a limitation of the
analytical model. Given the form of the assumed out-of-plane displacement (Eq. 4.1)
localised deformation caused by the change in stiffness at the bounds of the piezo-
electric material is not captured by the model. Rather a continuous reduction in the
overall curvature due to the addition of the extra layers is predicted. This point has
been demonstrated experimentally and discussed in Section 7.2.3. However, the sim-
plification is not anticipated to affect the pattern of results for this optimisation study.
9.2.2 Actuation Configuration
The laminate is held at all four corners (zero z-displacement) and a mechanical ac-
tuator is attached to the centre point of the laminate surface such that displacement
applied in the z-direction (out-of-plane) induces a state-change, simulating the ambient
mechanical motion. This arrangement is illustrated in Fig. 9.3.
Figure 9.3: Actuation arrangement for a rectangular cross-ply laminate by a force F .
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This configuration can be modelled in much the same way as the method outlined in
Section 7.1. A force F/4 is applied at each corner while the geometric centre is held and
displacements are defined with reference to the centre. This simple extension to the
modelling can be applied to laminates of arbitrary layup to predict the force required
for actuation. However, for off-axis ply orientations the experimental arrangement
would need to be modified. The configuration in Fig. 9.3 requires all four corners of
the laminate to experience the same displacement, i.e. [0/90]T laminates. For arbitrary
stacking sequences it may be preferable to hold the laminate at two opposite corners.
It is noted that the force required for actuation is not considered to be a constraint in
this formulation. The potential influence of including force constraints is discussed in
Section 9.3.1.
9.2.3 Objective Function
The objective of this study is to maximise the electrical energy generated by a bistable
piezoelectric composite laminate. At off-resonance frequencies a piezoelectric layer can
be assumed to behave like a parallel plate capacitor. Therefore the problem is modelled
based on the static states of the system. The objective function is thus the electrical
energy U induced in the piezoelectric material under the alternating stress excitation














V = Etp = −gijσtp (9.3)
where dij is the effective piezoelectric strain constant (charge Q per unit force), σ is the
stress, gij is the effective piezoelectric voltage constant (electric field E per unit stress),
A is the surface area of the layer, and tp is the thickness of the layer. Substituting






where the terms have been split into the fixed properties of the piezoelectric material
(dij and gij), the stress in the material which is a function of the laminate curvatures,
and the material geometry (A and tp). The piezoelectric material, poled in the longi-
tudinal direction in this work, is strained in both the longitudinal direction (referred
154
9 - Bistable Laminates for Piezoelectric Energy Harvesting
to as the 33 direction) and the transverse direction (31 direction) due to the anticlastic
nature of the curvatures. The contributions of both components in both stable states
are therefore considered, each with the associated 33 and 31 material properties as
illustrated in Fig. 9.4.
Figure 9.4: Longitudinal and transverse components of the total electrical energy U .
Note: subscript denotes the associated direction, superscript denotes the top (t) and
bottom (b) piezoelectric layer.
When attached to the surface of a curved laminate the stress in the piezoelectric ma-
terial varies across the volume as a function of the strains induced by the mismatched
thermal properties. The electrical energy is therefore expressed in the following integral































where the factor 4 accounts for all piezoelectric layers on one surface, m defines the
associated stable state, vt and vb are the volumes of two layers on the top and bottom
laminate surfaces and the stresses in the x- and y-directions are defined by the following
equations,
σx = Q¯11x + Q¯12y + Q¯16xy
σy = Q¯12x + Q¯22y + Q¯26xy
(9.6)
where the Q¯’s are transformed stiffness terms dependent on the material orientations
and ’s are the in-plane strains. Equation 9.5 is used to define the objective function
which is to be maximised. The material properties dij and gij are considered fixed in
this chapter as their optimisation has been considered by Priya [82]. A is considered
continuously variable while tp is considered fixed for practical reasons.
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9.2.4 Modelling Extensions
The modelling formulation outlined in Chapter 4 and Section 8.1.1 has two major
limitations for the problem formulation presented in this chapter. Firstly, the design
is limited to square laminates, and secondly, the piezoelectric layer configuration is
limited to a single layer on each surface of the same dimensions as the laminate. This
section discusses the methodology to overcome these limitations.
The primary issue with optimisation based on existing modelling techniques [24] is the
need for a good initial guess of each laminate shape to capture the multiple solutions
at each design iteration. The exact solution for a square laminate of cross-symmetric
layup derived in Eq. B.38 provides a close initial guess for a rectangular laminate of
otherwise identical composition. Similarly, a close approximation to the shapes of a
laminate with piezoelectric material covering 80% of the surface area can be obtained by
considering the exact solution for 100% coverage. Experience shows that the solution is
reliably converged typically in 5 iterations. Figure 9.5 shows a flow chart of the process
used to find the stable shapes of laminates defined in Section 9.2.1 and steps 1 to 6
below give details of the solution procedure.
1. A, B and D matrix terms and thermal loads and moments are calculated for
a square laminate using the modelling formulation outlined in Chapter 4 and
Section 8.1.1. To model the smaller piezoelectric layers, these properties are
calculated with and without the piezoelectric material for use in step 6.
2. The first cylindrical shape (defined as having large positive x-direction curvature)
is calculated using Eq. B.38.
3. The bistability condition defined in Section 6.2.2 is used to check the solution.
4. The second cylindrical shape can be found using only the first cylindrical shape
as shown in Section 4.3.4.
5. The two solutions for the square laminate provide very close initial guesses for
a laminate with a different aspect ratio. An iterative method is used to solve
Eq. 4.12 for the rectangular laminate. Variation in the aspect ratio will affect the
location of the bifurcation point so a second check on the bistability condition is
performed.
6. The size and number of the piezoelectric layers can be varied using the method
outlined in Section 7.2.1, where the bounds on the integral of Eq. 7.15 are changed
for each individual piezoelectric area. The properties calculated in step 1 above
are used for each bounded area. Including the contributions of all piezoelectric
layers Eq. 4.12 can then be solved iteratively using the rectangular shapes as a
close initial guess. As stiffness is being removed from the structure by reducing
the size of the piezoelectric layers bistability does not need to be checked again.
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Figure 9.5: Work flow for calculating the stable shapes of laminates for an energy
harvesting configuration.
9.2.5 Design Constraints
The constraint defined in Section 6.2.2 is used in this problem formulation to ensure a
bistable solution.
Bistability constraint: a+ b > Xs (9.7)
The factor Xs has been introduced to move the solution away from the bifurcation
point. This is necessary due to the introduction of variable aspect ratio in this prob-
lem. Saddle shape solutions close to the bifurcation point exhibit a small variation
from the relationship a + b = 0 with larger curvature in one direction than the other.
This variation decreases as the geometry tends away from the bifurcation point [59].
Variation is observed to be small and a factor of around 0.1 is suitable to ensure that
feasible solutions are always bistable.
The variation in the piezoelectric configuration does not not affect the bistability con-
dition as the individual layers are positioned symmetrically about both the x and y axis.
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In this energy harvesting study zero voltage is applied to the piezoelectric material
with the electrical energy being removed as it is generated. The limiting factor is
therefore dependent on the fracture strain of the material. A representative value of
2000µstrain is taken from [44].
9.3 Numerical Results
The results of two example design problems using the energy harvesting optimisation
formulation are presented in this section. The stacking sequence of the laminate is
limited to a two-ply layup of the family [θ/θ + 90]T, with variable ply thickness used
to model additional layers. In each example the fibre orientation of the piezoelectric
material is limited to 0◦ and 90◦ by practical manufacturing constraints.
Based on the results of these optimisation problems a series of design parameter studies
are then presented to illustrate the pattern of results around the optimum solutions.
The dependence of the solutions on the ply thickness, stacking sequence, aspect ratio
and overall laminate geometry are illustrated, including discussion of the presence of a
local solution.
All examples presented in this section use M21/T800 prepreg material properties (Table
5.1) and M8557-P1 piezoelectric properties (Table 7.1).
9.3.1 Optimisation Results
The first problem is defined as follows where an additional constraint to fix the laminate
surface area is added to allow direct comparison between optimum solutions:
Maximise: Electrical energy generated in two sets of four piezoelectric layers.
Subject to: The laminate must be bistable, a+ b > 0.1.
Piezoelectric strain must be below 2000µstrain.
The laminate must meet the design rules of Section 9.2.1.
Fixed laminate surface area, Lx × Ly = 0.04m2 .
Variables: Ply orientation θ for a [0P/θ/θ + 90/90P]T laminate.
Single ply thickness, 0.125 < t < 0.25mm.
Aspect ratio of the laminate, 1 < Lx/Ly < 5.
Piezoelectric surface area, 0 < % of total area < 100.
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Bounds on the ply thickness are chosen based on typical single ply values. In order to
capture all optima 20 random start points are considered in the SQP routine. Table 9.1
details the two solutions found for this problem. One represents a local solution with
stacking sequence [0P/90/0/90P]T and objective function value 11.45mJ, and the other
is the global optimum with stacking sequence [0P/0/90/90P]T and objective function
value 17.87mJ.
Table 9.1: Optimum solutions with t bounded from 0.125mm to 0.25mm.
Global Optimum Local Optimum
Stacking sequence, [0P/θ/θ + 90/90P]T [0
P/0/90/90P]T [0
P/90/0/90P]T
Single ply thickness, t (mm) 0.25 0.25
Piezoelectric area, % 32.07 19.45
Aspect ratio, Lx/Ly 1 1
Maximum piezoelectric strain (µstrain) 1201 1170
Electrical energy, U (mJ) 17.87 11.45
Actuation force, F (N) 2.40 2.33
The bistability and maximum strain constraints are inactive for this problem, with
maximum predicted strains of 1170 and 1201µstrain for the local and global solutions
respectively. Both solutions have a square aspect ratio and are on the upper bound of
ply thickness, 0.25mm. This suggests improvement may be found by introducing more
plies. This is not an intuitively obvious result as the curvatures will be suppressed by
the additional stiffness. Interestingly, a different optimum piezoelectric area is observed
for each solution suggesting a balance between useful piezoelectric area and the reduced
curvatures.
A second set of results is now presented for a modified problem. Based on the results
of the first problem the bounds on the ply thickness are removed. The limit on the
total thickness of the laminate is therefore bounded only by the bistability constraint.
The problem is otherwise unchanged and results are detailed in Table 9.2.
Table 9.2: Optimum solutions with unconstrained t.
Global Optimum Local Optimum
Stacking sequence, [0P/θ/θ + 90/90P]T [0
P/0/90/90P]T [0
P/90/0/90P]T
Single ply thickness, t (mm) 0.626 0.619
Piezoelectric area, % 72.43 42.40
Aspect ratio, Lx/Ly 1 1
Maximum piezoelectric strain (µstrain) 1097 1113
Electrical energy, U (mJ) 33.74 20.39
Actuation force, F (N) 3.41 3.39
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Two solutions are again found, but with significantly higher electrical energy than the
constrained example of 33.74 and 20.39mJ for the global and local solutions respec-
tively. These have the same stacking sequences, [0P/0/90/90P]T and [0
P/90/0/90P]T,
as the previous example but the geometry has changed. The unconstrained single ply
thickness is now found to be 0.619mm for the local solution and 0.626mm for the global
solution. Conveniently this global optimum is almost exactly 5 plies of 0.125mm mean-
ing the solution could be redefined as [0P/05/905/90
P]T. Interestingly the bistability
constraint is again inactive. The optimum thickness is therefore not on any boundary,
a property which will be investigated further in the following sections. The maximum
strain constraint is also inactive and a square aspect ratio is again found to be optimal.
Actuation Force
For both optima in Table 9.2 the actuation forces are determined analytically as out-
lined in Section 7.1. Little variation is observed between the global and local solutions,
3.41 and 3.39N respectively, as the compositions are similar in both layup and overall
thickness. While a limit on the force has not been imposed as a constraint in this work
this property represents an important consideration. Where actuation relies on ambi-
ent vibration, larger or stiffer designs may suppress modes of vibration, thus limiting
the practical application. It also important to note that this highlights the significance
of accurate estimation of the actuation force. As discussed in Section 7.2.2, the con-
stant curvature assumption of the analytical model has the effect of overpredicting the
stiffness of the laminate. Therefore, the predicted actuation forces represent an over-
estimate. A close examination reveals that the optimum solutions are in fact, highly
sensitive to the allowable actuation force, i.e. if the allowable force is less than 3.39N
this will change the optimum ply thickness and piezoelectric area. Intuitively, to reduce
the required force the stiffness of the overall structure must be reduced. This can be
achieved through variation in layup or through reduction of the total thickness. These
points are investigated in more depth in the following section.
9.3.2 Design Parameter Studies
In this section the results of the optimisation problem are investigated further in a
series of design parameter studies. The aim of these studies is to gain a better under-
standing of the complex interactions of the physical constraints and requirements, and
to illustrate the pattern of results around the optimum solutions.
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Ply Thickness
The first study considers the effect of ply thickness on the problem. Figure 9.6 shows
the objective function values for differing number of plies (1 to 6) for the full range
of piezoelectric areas. All results correspond to [0P/0n/90n/90
P]T laminates of 0.2m
square edge length. For each different number of plies the optimum solution with
respect to piezoelectric area is highlighted by points A to F, detailed in Table 9.3. It
is noted that point E approximately corresponds to the unconstrained optimum found
in the previous section.
Figure 9.6: Variation in electrical energy with number of 0.125mm plies (shown on each
line) and piezoelectric surface area. Points A to F are detailed in Table 9.3.
Table 9.3: Optimum solutions for varying number of plies for [0P/0n/90n/90
P]T.
A B C D E F
No. plies, (t = 0.125mm) 1 2 3 4 5 6
Piezoelectric area, (%) 9.84 32.07 53.72 67.90 72.43 68.24
Electrical energy, (U , mJ) 8.81 17.93 25.90 31.61 33.74 31.52
A consistent pattern of results is observed for ply numbers from 1 to 5. For zero piezo-
electric area the electrical energy generated is of course zero. The electrical energy then
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increases with additional piezoelectric area to an optimum value. This optimum area
is larger for each additional number of plies up to 72.43% for 5 plies. However, beyond
5 plies this pattern changes with both the optimum area and the maximum electrical
energy decreasing for thicker laminates. This is a result of approaching the bifurcation
point (between 6 and 7 plies depending on the piezoelectric surface area), resulting in
decreasing curvature until the bistable behaviour is lost. This pattern confirms the
finding that the bistability constraint is inactive at the global optimum.
With reference to the required actuation force, if a lower force limit was imposed as a
constraint the total thickness would need to be reduced. From Fig. 9.6 it is clear that
any reduction in thickness will compromise the optimum solution.
Laminate Stacking Sequence
The next study considers the change in objective function with laminate stacking se-
quence. Figure 9.7 shows the objective function values for differing values of θ for
laminates of [0P/θ/θ+90/90P]T layup, 0.2m square edge length and 0.25mm ply thick-
ness. Different piezoelectric orientations are not considered as only the angles relative
to ply orientations are of interest. The optimum solution for each different θ is high-
lighted by points A to G and detailed in Table 9.4.
The optimum solutions for each different θ form a parabolic shape which helps to
understand the presence of the local solution to the optimisation problem. Point A
confirms that the optimum value of θ is 0◦ and corresponds to the global solution to
the constrained optimisation in the previous section. As θ increases the electrical energy
output decreases, as does the optimum piezoelectric area, until reaching approximately
60◦. Beyond this value the electrical energy begins to increase again until reaching
the limit of 90◦, point G. This corresponds to the local solution to the constrained
optimisation. Negative values of θ are not considered as they represent rotations of
designs already considered.
The reason for this parabolic shape can be understood by considering how the major
curvature, and therefore the highest strains, are oriented relative to the piezoelectric
effect. For the 0◦ solution the major curvature is aligned with the longitudinal piezo-
electric effect (d33) and electrical energy is maximum. For the 90
◦ solution the major
curvature is aligned with the transverse piezoelectric effect (d31) and a lesser electrical
energy is produced. Between these two values the major curvature is not aligned with
either direction with the worst case being a θ value of around 60◦, point E. Considering
the optimisation method used to solve this problem, an initial guess of θ above 60◦ is
likely to result in the optimisation settling on the local solution.
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Figure 9.7: Variation in electrical energy with θ (shown on each line) and piezoelectric
surface area for [0P/θ/θ+ 90/90P]T laminates. Points A to G are detailed in Table 9.4.
Table 9.4: Optimum solutions for stacking sequences [0P/θ/θ + 90/90P]T.
A B C D E F G
θ, (◦) 0 15 30 45 60 75 90
Piezoelectric area, (%) 32.07 32.28 31.96 29.08 24.17 20.59 19.45
Electrical energy, (U , mJ) 17.92 16.53 13.58 11.13 10.39 11.01 11.45
Laminate Aspect Ratio
The effect of the aspect ratio of the laminate on the objective function is now inves-
tigated. The optimum solutions in the previous section are all found to converge on
a square aspect ratio of 1. Figure 9.8 shows how the objective function varies as the
aspect ratio is increased from 1 to 5 for laminates of [0P/02/902/90
P]T layup, 0.04m
2
surface area and 0.25mm ply thickness. The optimum solutions for each different aspect
ratio are highlighted by points A to E and are detailed in Table 9.5.
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Figure 9.8: Variation in electrical energy with aspect ratio (shown on each line) and
piezoelectric surface area. Points A to E are detailed in Table 9.5.
Table 9.5: Optimum solutions for varying aspect ratio for [0P/02/902/90
P]T.
A B C D E
Aspect ratio, Lx/Ly 1 2 3 4 5
Piezoelectric area, (%) 32.07 31.73 31.04 30.13 29.08
Electrical energy, (U , mJ) 17.87 17.79 17.65 17.40 17.18
The results demonstrate that while a square aspect ratio does represent the optimum
solution the variation in electrical energy with aspect ratio is small. The objective
function is found to vary from 17.18 to 17.87mJ in the range of aspect ratio from 1 to
5. These solutions are all found to have piezoelectric area of between 29.08 and 32.07%,
far smaller variation than for the thickness or layup.
Jun and Hong [59] have previously investigated the influence of aspect ratio on the
stable laminate shapes. They found that away from the bifurcation point the curva-
tures of square and rectangular laminates will tend towards the same limiting values.
The stress in the piezoelectric σ is directly related to the curvatures of the laminate,
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and the laminate surface area has remained unchanged for each example. It is therefore
unsurprising that little variation is observed in the objective function. Furthermore,
Jun and Hong [59] highlighted that the bifurcation point varies with aspect ratio and so
some divergence in curvatures is observed in this region. This explains the divergence
of results in Fig. 9.8 as the piezoelectric area, and thus the stiffness of the laminate,
increases.
Pirrera et al. [75] further investigated this phenomenon by considering the bifurcation
behaviour of laminates with varying aspect ratio. Any loss of symmetry in the laminate
design will result in a limit point at the loss of bistability (see Fig. 3.2), referred to
as broken pitchfork behaviour. When the percentage of 0◦ and 90◦ plies are different
Hyer’s model [24] correctly predicts this imperfect bifurcation behaviour. However,
for non-square laminates the perfect bifurcation behaviour is incorrectly maintained.
Pirrera et al. [75] modelled the variation of aspect ratio using various orders of polyno-
mials to approximate the displacements. They confirmed that for the order of Hyer’s
model the bifurcation point is a pitchfork. However, for all higher order polynomials
the correct broken bifurcation behaviour was captured. These results, confirmed by
FEA, suggest that great care should be taken when considering variable aspect ratio
close to the loss of bistability.
Laminate Surface Area
In this final study the effect of increasing the total laminate surface area is considered.
This property was fixed for the optimisation examples and is anticipated to be a de-
sign constraint for any practical applications where the space occupied by the energy
harvester is limited. Figure 9.9 shows how the objective function varies as the square
edge length is increased from 0.12 to 0.35m for laminates of [0P/0/90/90P]T layup and
0.25mm ply thickness. The optimum solutions for each different edge length are high-
lighted by points A to F and detailed in Table 9.6.
It is well known that as the edge length of the laminate relative to the thickness
increases the major and minor curvatures converge to limiting values [53]. With refer-
ence to Eq. 9.6 the stress component of the objective function must also converge to
a limiting value. The design then becomes scalable with laminate size. This is con-
firmed by the results of Fig. 9.9. For low edge lengths close to the bifurcation point
the relationship between the laminate size and objective function is nonlinear as there
is variation in the curvatures. As results tend towards larger laminates (0.25 to 0.35m)
the relationship becomes approximately linear. The scalable nature of the problem is
further confirmed by the results tending towards a consistent optimum piezoelectric
area as the size is increased (∼32.8%).
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Figure 9.9: Variation in electrical energy with laminate edge length (value in m shown)
and piezoelectric surface area. Points A to F are detailed in Table 9.6.
Table 9.6: Optimum solutions for varying edge length for [0P/02/902/90
P]T.
A B C D E F
Edge length, Lx=Ly (m) 0.12 0.15 0.20 0.25 0.30 0.35
Piezoelectric area, (%) 27.87 30.50 32.07 32.54 32.71 32.78
Electrical energy, (U , mJ) 6.02 9.83 17.87 28.13 40.52 55.18
9.4 Concluding Remarks
In this chapter many of the modelling and optimisation techniques developed in this
work have been combined to investigate optimisation of the design of a developing
technology. This study has considered optimisation of a piezoelectric bistable laminate
as a nonlinear device for broadband energy harvesting, converting ambient mechanical
motion into useful electrical energy. Due to the complex nature of existing modelling
techniques optimisation of the design of such devices has not been considered in exist-
ing literature.
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This study has been identified as an emerging application for bistable laminates. Com-
bined with the complex mechanical-electrical coupling due to the application of piezo-
electric layers this problem has been considered in experimental studies only, with the
scope for tailoring the design identified but not explored. With the novel techniques
developed in this work this problem has been approached.
Extensions to the design rules outlined in Chapter 4 have been achieved to model
the more complex structure required for energy harvesting, including extension to vari-
able aspect ratio and more varied piezoelectric configurations with multiple patches on
each laminate surface. The existing analytical solution to the square cross-symmetric
design has been used as an initial guess to the more complex structure, enabling solu-
tions to be found in a fast and reliable manner.
The optimisation study presented in this chapter has investigated maximising the elec-
trical energy output due to the alternating stress excitation induced by repeated me-
chanical actuation. Constraints have been imposed to ensure bistability and to limit
the strain in the piezoelectric material to below failure strain. Through variation in
laminate geometry, arbitrary stacking sequences and piezoelectric configurations, opti-
mum solutions have been found which differ from those considered experimentally.
It is found that laminates with major curvatures aligned with the direct piezoelectric
effect d33 represent a global optimum, but that a local optimum exists for laminates
with a major curvature aligned with the d31 effect. The optimum ply thicknesses are
found not to be on a constraint boundary, with thicker laminates being more optimal
than high deflection designs. This pattern reverses as the geometry approaches the
bifurcation point. Similarly, increased piezoelectric size with increased laminate thick-
ness is found to be optimal, with the pattern reversing near the loss of bistability.
Although not imposed as a constraint the mechanical actuation forces for each op-
timal design have been determined analytically. Where actuation relies on ambient
vibration stiffer designs may suppress modes of vibration, thus limiting practical appli-
cation. More detailed parameter studies have demonstrated that if a force constraint
was imposed it could compromise the optimal solutions. This is primarily due to the
reduced thickness which would be required to meet a lower actuation force requirement.
It is concluded that there is large scope for improving the design of piezoelectric bistable
laminates for energy harvesting applications. It is proposed that further experimental
studies should consider the geometries determined in this chapter. Future analytical
studies may look to include dynamics and a consideration of the vibrational modes.
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Chapter 10
Conclusions and Future Work
10.1 Conclusions
Chapter 4 - Modelling of Bistable Laminate Shapes
Chapter 4 presents the derivation of explicit expressions defining the stable shapes of
bistable laminates. This formulation provides fast and robust analysis of the shapes of
laminates with off-axis cross-symmetric layup and differing ply thicknesses. This novel
solution method is enabled by considering a simplified geometry, selected to encourage
bistable behaviour. For more general cases such as rectangular profiles and laminates
incorporating actuation the simplified modelling work provides a close approximation
to the more complex case.
Chapter 5 - Experimental Shape Characterisation
Chapter 5 presents the results of an experimental study aimed at validating the model
derived in the previous chapter, and to highlight areas of uncertainty. The experimental
study used a three-dimensional motion analysis technique to map the surface profiles
of a series of arbitrary layup laminates. These profiles were compared to modelling
predictions. It was found that the overall shape of the laminates was accurately pre-
dicted by the model. However, some discrepancies were identified. Well-known edge
effects were observed at the corners of the laminates with regions of localised deforma-
tion not captured by modelling. Additional errors due to manufacturing uncertainties,
most notably a thin resin layer on one laminate surface, were identified. By modifying
the modelling to include imperfections, improvements in the predicted shapes over the
ideal case were achieved highlighting the importance of accurate characterisation of the
laminate composition.
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Based on the experimental study a sensitivity analysis was performed to identify the
material and geometric properties which provide the highest level of uncertainty in the
predicted shapes. The most significant material properties were found to be E22, α2
and to a lesser extent E11, all of which can be characterised experimentally to a high
degree of accuracy. More significantly the dependence on ambient temperature was
quantified, highlighting the significant nature of the operating environment for bistable
laminates.
Chapter 6 - Optimisation of Bistable Laminates
Chapter 6 presents an optimisation study to maximise the ratio of bending stiffnesses
between a loading direction and an actuation direction, enabled by the modelling de-
rived in Chapter 4. This study addressed the inherent flexibility in a bistable laminate
structure. Through variation in ply orientations, non-uniform ply thicknesses and lam-
inate edge length, optimum solutions were obtained constrained by bistability and
minimum deflection constraints.
The problem was found to be multimodal with the number of local and global optima
found to vary with the bounds on the design variables and the deflection constraint.
Intuitive solutions for optimal directional stiffness properties were observed to have
low deflections between states and generally found to be infeasible. Optimum solutions
are therefore not obvious from the problem definition. The numerical studies show
examples where the stiffness in the loading direction can be as high as five times that
of the actuation direction. This demonstrates the feasibility of designing a bistable
laminate with low stiffness in a direction of actuation and high stiffness in the direction
of externally applied operating loads.
Chapter 7 - Analysis of Actuation Methods
Chapter 7 presents a series of experimental and analytical studies of a number of
actuation methods which may be applicable to actuation of a bistable laminate. Com-
binations of mechanical force, MFCs and SMA wires were considered to assess the
feasibility of each technology.
It was concluded that reversible actuation using two orthogonal MFC actuators is
the most suitable method for bistable laminate actuation and the most applicable to
the existing analytical model. This approach allows fine shape control of the laminate
over a wide range of applied voltages and enables reversible actuation with quick re-
sponse time. Incorporation of this technology was identified as a key step in enabling
optimisation studies for the design of reversibly actuated bistable laminates.
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Chapter 8 - Optimisation of Actuated Bistable Laminates
Extension to the existing modelling to include the effect of two orthogonal MFCs is
outlined in Chapter 8. The ‘layer-like’ structure of MFCs allows a simple extension
which maintains the closed-form manner of the unloaded model. When modelling lam-
inate shapes with an applied voltage, the analytical model is found to provide a close
initial guess for a numerical solver for efficient determination of actuation voltages.
The extended modelling has been applied to an optimisation study where the objective
function maximises the bending stiffness of a laminate in a chosen loading direction,
while an actuation constraint is imposed by considering the operating range of the
piezoelectric layers. Additional constraints to ensure bistability and a minimum de-
flection are also included. Given the complex nature of the design space it is found
that multiple starting points are required to capture all local optima in an SQP routine.
A secondary study has been presented to investigate the total voltage requirements
for actuation. Through the combined use of the positive and negative applied voltages
to the top and bottom piezoelectric layers it was found that a reduction in the total
actuation voltage of up to 33.8% is achievable in some cases.
Chapter 9 - Optimisation for Piezoelectric Energy Harvesting
In Chapter 9 many of the modelling and optimisation techniques developed in this work
were combined to investigate optimisation of the design of a developing technology. An
optimisation study of piezoelectric bistable laminates has been considered for electrical
energy harvesting from ambient mechanical vibrations. Due to the complex nature of
existing modelling techniques optimisation of the design of such devices is a novel result.
Extension to the modelling to include variable aspect ratio and variation in the size
of multiple MFCs has been presented and is found to maintain the robust and effi-
cient characteristics of the simpler modelling in the earlier chapters. Optimum designs
have been presented with variable laminate geometry, arbitrary stacking sequences and
piezoelectric configurations. This formulation includes constraints to ensure bistability
and to limit the strain in the piezoelectric material to below failure strain.
It was found that laminates with major curvatures aligned with the direct piezoelectric
effect d33 represent a global optimum, but that a local optimum exists for laminates
with a major curvature aligned with the d31 effect. The optimum ply thicknesses are
found not to be on a constraint boundary, with thicker laminates being more optimal
than high deflection designs. This pattern reverses as the geometry approaches the bi-
furcation point. Similarly, increased piezoelectric size with increased laminate thickness
is found to be optimal, with the pattern reversing near the loss of bistability. These
results represent a significant deviation from designs considered in existing literature.
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10.2 Future Work
Investigation of Tristable Results
Vidoli and Maurini [103] recently presented the possibility of tristability for orthotropic
shells with zero bending-extension coupling. In the short study presented in Appendix
A asymmetric stacking sequences with zero bending-extension coupling have been iden-
tified for a minimum of six plies. Identification of uncoupled asymmetric stacking se-
quences which exhibit bistability could lead to a comparative study to investigate the
possibility of tristable composite laminates. However, the presence of bistable solutions
is not guaranteed within this data set. Assuming a bistable layup can be found within
this data the dimensions of the laminate may be prohibitively large due to the relative
thickness of a six-ply laminate.
Multi-Objective Optimisation Studies
The optimisation formulation considered in Chapter 8 was split into two distinct phases.
Initially the directional stiffness properties of the laminate were optimised to provide
resistance to external loads within the operating range of the MFCs. These optimum
stiffness designs were then considered in a secondary study to optimise the combina-
tion of positive and negative voltages applied to MFCs on opposite surfaces. It is
suggested that further improvements may be achievable in a multi-objective formula-
tion which considers the combined voltage and stiffness requirements simultaneously.
Furthermore, the full operating range of the piezoelectric material has been allowed
here without consideration for the effects of high-field behaviour or degradation due
to repeated high voltages. Any future multi-objective formulation should consider the
optimum solutions with practical applications in mind, specifically the need to rectify
a local power supply.
Experimental Studies
While the model used in this work is presented in an original formulation, the underlying
equations have been extensively validated against both FEA results and experimental
results. The work presented in Chapter 5 has further validated this formulation and
advanced the understanding of the modelling limitations. However, future experimen-
tal studies should involve manufacture of the optimum designs for comparison with
what may be considered intuitive solutions. In particular, experimental comparison
with the optimum energy harvesting designs of Chapter 9 would add confidence to the
finding of increased electrical energy output.
Dynamic Analysis
The work presented in this thesis has considered the behaviour of bistable laminates
in static analysis only. This is ideal in the presented studies where the focus has been
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on stiffness properties and the overall deformation between two states, with no concern
for the behaviour during actuation. While the results have not been directly applied
to practical morphing applications, in future studies where this is likely to be the
case a dynamic understanding of the laminate behaviour is essential. For example, in
aerospace applications the unstable transition between states could be a critical con-
sideration.
Dynamic analysis of designs for electrical energy harvesting is another suggestion for fu-
ture investigation. The formulation for optimum electrical energy generation presented
in Chapter 9 was specifically formulated using static analysis without considering opti-
misation close to resonance in order to provide broadband energy harvesting. However,
while this has been achieved, there is concern that the thicker designs found in this
study may suppress modes of vibration which are intended to be captured.
Energy Harvesting
The energy harvesting studies presented in this work have served to highlight the wide
scope for improving this emerging technology. Further development of this investi-
gation is proposed to consider many additional aspects of the piezo-laminate design.
By including dynamic analysis of the laminate the highly nonlinear coupled behaviour
between electrical and mechanical components could be better exploited. At a me-
chanical level this is suggested to include consideration of the driving ambient forces,
frequency of vibrations, and topological optimisation of the bistable laminate shape. At
an electrical level the design of the MFC can be considered an optimisation study, with
piezoelectric material and electrode spacing included as additional variables. Finally,
operation of the harvesting device presents additional questions such as the optimum






In general when composite plies are stacked with orientations of arbitrary alignment the
resulting laminate will be fully anisotropic, exhibiting coupled behaviour both in-plane
and out-of-plane. However, many applications require uncoupled behaviour. Further-
more, some existing modelling approaches [94, 95, 103] for the static shapes of asym-
metric laminates include assumptions of zero bending-extension coupling, requiring
an understanding of laminates to which such assumptions are applicable. Typically,
uncoupled behaviour is obtained by imposing symmetric constraints on the stacking
sequence. In the case of bistable laminates this is not an option so asymmetric stacking
sequences exhibiting uncoupled behaviour are sought.
The short study presented in this appendix aims to identify uncoupled asymmetric
laminates of differing numbers of plies. The problem is restricted to searching for
stacking sequences with zero bending-extension coupling i.e. the B matrix is null, for
laminates with plies of uniform thickness. To satisfy this condition the following set of





















































































where hj is the distance from the laminate midplane to the top surface of the j-th ply,
hj−1 is the distance from the laminate midplane to the bottom surface of the j-th ply,
m and n are sin θ and cos θ of the ply orientation, Q’s are stiffness matrix terms as
defined by Eq. 4.16 and p is the total number of plies. For uniform ply thicknesses
this problem can be greatly reduced by using lamination parameters. With reference
to Eq. 4.26, the set of equations A.1 - A.6 are equal to zero if the following set of
















sin 4θzdz = 0
(A.7)
Despite this simplified form a general solution to this system cannot be found analyti-
cally. For the case of a two-ply stacking sequence the entire set of possible layups can
be assessed and illustrated very easily. Figure A.1 shows a series of surface plots for
each term of the B matrix where the axes are the two ply orientations θ1 and θ2. A
blue region denotes a negative value, red denotes a positive value and green indicates
a near zero value. Locations of exactly zero are highlighted by black lines.
Some interesting patterns emerge for this simple example. B11 and B22, relating in-
plane direct forces to plate curvatures and bending moments to in-plane direct strains,
are zero for symmetric laminates [θ1/θ1]T and angle-ply laminates [θ1/−θ1]T only. B12
and B66, equal to each other for this family of laminates (see Eq. 4.26), are zero for
symmetric, angle-ply, and [θ1/ ± θ1 ± 90]T laminates. B16 and B26, relating in-plane
direct forces to plate twisting and torque to in-plane direct strains, are zero for sym-
metric laminates and additional more complex relationships. However, as a null B
matrix is sought only symmetric laminates will satisfy these conditions fully.
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Figure A.1: B matrix values for all two-ply combinations. Blue shows a negative value,
red a positive value, and black lines indicate a zero B matrix value.
For larger numbers of plies the exhaustive method is inefficient and illustration of the
results becomes more difficult. As an analytical solution to Eq. A.7 is not possible a
numerical search method (Matlab’s built in function fsolve for solving a system of
nonlinear equations) is used to obtain fully general stacking sequences which exhibit
zero B matrix behaviour.
For numbers of plies from two to five only symmetric stacking sequences are found
to satisfy B = 0. However, for six plies or more there exist asymmetric stacking se-
quences which satisfy Eq. A.7. To demonstrate this a six-ply problem is outlined in
more detail. Using 1000 initial guesses for the fsolve function 1000 distinct six-ply
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stacking sequences are obtained. Many of these are symmetric as with the two to five
ply laminates, but many asymmetric layups are also found. To show the distribution
of these solutions in the full design space the first three ply angles (θ1, θ2, θ3) for each
solution are considered. Fig. A.2 shows how these three ply angles are distributed in
the θ1-θ2 plane. The full set of solutions has been split into two separate plots for
ease of illustration of the various different patterns which are observed. The full set of
symmetric solutions which also satisfy Eq. A.7 are omitted.
Figure A.2: Zero B matrix six-ply solutions, first three ply angles plotted in the θ1-θ2
plane. Solutions split into two plots to illustrate the different patterns of solutions.
Figure A.2 shows that zero B matrix laminates occur in discrete regions of the full
design space. Within these discrete bands of data points there are clear areas of more
concentrated solutions. Closer examination of this design space reveals that complex
relationships exist within the data. Figure A.3 shows the same set of data rotated to
a specific isometric view clearly highlighting highly nonlinear patterns.
Figure A.3: Zero B matrix six-ply solutions, first three ply angles plotted in an iso-
metric view. Points A-C discussed in the text.
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The commonly considered asymmetric layup for bistable laminates is a simple on-axis
cross-ply stacking sequence, [0n/90n]T. The point corresponding to 03 for the first three
ply angles is highlighted as point A in Fig. A.3, and can be seen to be on one of the
lines relating to zero B matrix values. However, when we examine the corresponding
three angles for the bottom half of this laminate (θ4, θ5, θ6) it is found that the solution
is not cross-ply. Figure A.4 shows the corresponding data for every solution for θ4, θ5
and θ6 with point A again highlighted. This solution is in fact symmetric [06]T, and is
a point where the symmetric solution set, omitted here, intercepts with the asymmetric
data. The same result is found for all general cross plies, [θn/θ + 90n]T.
Figure A.4: Zero B matrix six-ply solutions, bottom three ply angles plotted in an
isometric view. Points A-C discussed in the text.
However, there are clearly many asymmetric solutions to this problem, with numerous
distinct patterns. Points B and C in Figs. A.3 - A.4, [64.9/-74.8/20.2/-50.8/44.2/84.5]T
and [-64.5/17.8/56.6/-8.6/30.3/-67.4]T respectively, represent two examples of these
many patterns. These representative solutions do not exhibit bistability due to the
mix of ply angles through-thickness. A more thorough investigation would be required
if specific patterns for bistability are to be identified. However, this simple study does
highlight the very limited nature of the zero B matrix set, continued for higher num-
bers of plies. Modelling of the warped shapes of asymmetric laminates omitting B
matrix terms therefore has rather limited application.
Vidoli and Maurini [103] recently presented the possibility of tristability for orthotropic
shells with zero bending-extension coupling. Given the results shown in Fig. A.4, iden-
tification of uncoupled asymmetric stacking sequences which exhibit bistability could
lead to a comparative study to investigate the possibility of tristable composite lami-
nates.
Aside from considering bistability, future studies in this area may consider this simple
numerical approach for more in-depth coupling analysis. For example fully orthotropic
laminates with special orthotropy in the extensional matrix A and the flexural matrix
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D, i.e. A16 = A26 = 0 and D16 = D26 = 0, could be assessed by including four addi-







































With reference to Eq. 4.26 this set of equations can again be reduced to considering
four lamination parameters equal to zero (Eq. A.12) in addition to the lamination pa-
rameters of Eq. A.7. This study for fully general stacking sequences could form an





















This appendix presents full derivations of important steps in the modelling work out-
lined in Chapter 4. Relevant sections in the main body are referenced.
B.1 Stiffness Invariants for Transformed Stiffness Terms
The transformed stiffness terms are redefined using multiple angle rules, resulting in the








(3 + 4 cos 2θ + cos 4θ)Q11 +
1
8








(3Q11 + 3Q22 + 2Q12 + 4Q66) +
1
2




(Q11 +Q22 − 2Q12 − 4Q66) cos 4θ









(3− 4 cos 2θ + cos 4θ)Q11 + 1
8








(3Q11 + 3Q22 + 2Q12 + 4Q66)− 1
2




(Q11 +Q22 − 2Q12 − 4Q66) cos 4θ
= U1 − U2 cos 2θ + U3 cos 4θ
(B.2)
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Q¯12 = m




(1− cos 4θ)(Q11 +Q22 − 4Q66) + 1
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(Q11 +Q22 + 6Q12 − 4Q66)− 1
8
(Q11 +Q22 − 2Q12 − 4Q66) cos 4θ
= U4 − U3 cos 4θ
(B.3)
Q¯66 = n
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(Q11 +Q22 − 2Q12 + 4Q66)− 1
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(Q11 +Q22 − 2Q12 − 4Q66) cos 4θ
= U5 − U3 cos 4θ
(B.4)
Q¯16 = nm
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U2 sin 2θ + U3 sin 4θ
(B.5)
Q¯26 = n




(2 sin 2θ − sin 4θ)(Q11 −Q12 − 2Q66) + 1
8
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8




U2 sin 2θ − U3 sin 4θ
(B.6)
B.2 Simplified A, B , and D Matrix Terms
Introduction of the simplified form of the transformed stiffness terms of Appendix B.1
into theA, B andD matrices results in the following integral evaluations. See Eq. 4.24.
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B - Laminate Modelling Formulation
B.3 Lamination Parameters for a Two-ply Laminate
The lamination parameters for a simplified laminate geometry with two orthogonal
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B.4 Lamination Parameters for an n-ply Laminate
The lamination parameters for an extended laminate geometry with n pairs of orthog-
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(E3i − E3i+1) cos 4θi
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(E32 − E33) sin 4θ2 + ...+
t3
3







(E3i − E3i+1) sin 4θi
(B.30)
B.5 Simplified Total Laminate Strain Energy Equation
The simplified form of the total strain energy equation is presented in this section. This
includes simplifications to the A, B and D matrices, thermal force and moment terms,
and the set of shape coefficients outlined in Chapter 4. Note: the reduced number
of in-plane displacement coefficients, d1,2,3,4,5,9,10,11, have been renumbered as e1−8 for
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2b2
+ 4e7e8 − 4c2e4 + 16abe4 + 32e24) +
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B.6 Matrix X Containing Shape Coefficient Terms
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be5 − ae1 X5 0
−2e6(a+ b)− c(e1 + e5) X6 0
1
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(a+ b)(e7 + e8)− 1
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(a2 + b2 + 2ab+ 8e2 + 8e4)c
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B.7 Simplified System of Equilibrium Equations
The set of energy equilibrium equations obtained by differentiating Eq. B.31 with re-
















































































































































f3 = (a− b)D16 −
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B.8 Reduced Form of Equilibrium Equations
Having performed Gaussian elimination on the set of equations shown in Appendix
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B.9 Final Three Equilibrium Equations
The final three energy equilibrium equations in the derivation of the analytical solution
for stable laminate shapes are given in this section. These equations are in terms of
the out-of-plane displacement coefficients, a, b and c only. See page 65.
fa = Y1c
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16D12 − 1152A211B216 + 2304A11A12B216
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2
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− 5760A12A266D11 − 1152A11A216D12 + 576A12A66B211 − 11520A216A66D11
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+ 16A12A
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B.10 Out-of-plane Displacement Coefficients

















where the β’s and γ’s are factors used for simplification and are defined as follows,
β1 = 72(A11 −A12 + 10A66)/(L4(A11 +A12)(A11A66 −A12A66 − 2A216))




11 + 10A11A66 − 10A216 −A212)) + 1/4
β3 = D16(A11 +A12)−B11B16
β4 = (D11 −D12)(A11 +A12)−B211
β5 = 2(M
T
x (A11 +A12)−B11NTx )
β6 = (10A66 +A11 −A12)(36(D11 +D12)(A66(A11 −A12)− 2A216)− 72B216(A11 −A12)
+ 144A16B11B16 − 36A66B211)/(L4(A11A66 −A12A66 − 2A216)2)
β7 = D66(A11 +A12)− 2B216
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γ2 = −2β21β22β23 − 8β22(β6 + β1β7)2



































5 − 4γ23)− ((β21β22β23γ25 − γ2γ3γ5)/2γ23)2





5 − 4γ23) + γ29(γ24 − 4γ3γ6)− 4γ4γ9γ10(2γ3 + γ5)− γ27
− 2γ8(β21β22β23γ25 − γ2γ3γ5)/2γ23
γ14 = 2γ9γ10(γ
2
4 − 8γ3γ6)− 2γ4γ210(γ5 + 2γ3)− 2γ7γ8










11 − 3γ412/256γ411 − γ12γ14/4γ211 + (γ210(γ24 − 4γ3γ6)− γ28)/γ11
γ18 = (((γ15γ17/6− γ315/216− γ216/16)2 + (−γ215/36− γ17/3)3)1/2
− (γ15γ17/6− γ315/216− γ216/16))1/3
γ19 = γ18 − 5γ15/6− (−γ17 − γ215/12)/3γ18
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